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ABSTRACT 

A bilattice is a set equipped with two partial orders and a negation operation that  inverts 
one of them while leaving the other unchanged; it has been suggested that the truth values 
used by inference systems should be chosen from such a structure instead of the two-point 
set {t, f}. Given such a choice, we redefine a modal operator to be a function on the bilattice 
selected, and show that this definition generalizes both Kripke's possible worlds approach 
and Moore's autoepistemic logic. Extensions to causal and temporal reasoning are also 
discussed. 

1 I n t r o d u c t i o n  

Modal operators are used in a variety of ways in AI, including reasoning about knowledge 
and belief, about time, and applications to nonmonotonic inference [6,10,8, and others]. The 
semantics assigned to a particular modal operator are usually determined using a scheme due 
to Kripke [7] that is based on the notion of possible worlds hnked by an accessibihty relation. 
Moore, however, needs to define his own semantics in [8] in order to establish the desired 
link between a modal operator of knowledge and existing ideas in nonmonotonic reasoning. 

The purpose of this paper is to show that Moore's and Kripke's ideas can be unified 
into a single approach if we view modal operators not in terms of possible worlds, but as 
mappings on the truth values assigned to various sentences. Thus the modal operator L, 
where Lp means, "I know that  p," simply assigns the truth value true to Lp if p is known to 
be true, and assigns Lp the value false if p is either known to be false or is not known to be 
true or false (i.e., if p is not known to be true). 

The approach we are proposing is made possible by the fact that we will work with 
a formal system that explicitly allows us to label sentences with values other than the 
conventional ones of true and false. The description in the previous paragraph, for example, 
implicitly took advantage of a potential label for p that indicated that  it was "unknown" in 
that it was not known to be either true or false. 

In Section 2, we discuss the mathematical ideas underlying this approach, where truth 
values are taken not from the two-point set {t, f}  but instead from a larger set known as 
a bila~tice. Section 3 extends these ideas as we have suggested, formally defining a modal 
operator to be a function on the elements of the bilattice of truth values. 

Section 4 contains a variety of mathematical results. We show that our approach has 
analogs to the modal operators used by Kripke and by Moore, although the argument that we 
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generalize their constructions is delayed until Sections 5 and 6. We also present some results 
regarding modal operators generally, showing that Moore's L operator cannot be expressed 
in terms of conventional logical connectives but that it, in combination with Kripke-style 
modal operators, can be used to generate all possible modal operators on any bilattice 
corresponding to monotonic reasoning. In Section 5, we set the stage for proving that  we 
have generalized Kripke's and Moore's work by extending our definition of inference to t ruth 
functions that  involve modal operators. Finally, in Section 6 we return our attention to 
Moore's construction, showing that his notion of groundedness can be translated naturaLly 
into our setting. Sections 5 and 6 also contain our fundamental unifying results, showing 
that first-order logic, Kripke's work and :Moore's construction are all special cases of our 
general approach. 

Concluding remarks and suggestions for future work are the topic of Section 7. One 
especially promising feature of the work tha t  we will present is that it allows us to define 
modal operators that  accept more than a single sentence as an argument. This may allow 
us to develop precise formalizations of no*ions such as causality; applications to temporal 
reasoning are also discussed. 

Proofs of theorems will appear elsewhere. 

2 M a t h e m a t i c a l  prel iminaries  

In [5], a mathematical structure called a bilattice was introduced. Essentially, a bilattice is 
a set equipped with two partial orders and a negation operation that inverts one of them 
while leaving the other unchanged: 

Def in i t i on  2.1 A bilattice is a seztuple (B,  A, V,., +, 7) such that: 

1. (B, A, V) and (B , . ,  +) are both complete lattices, and 

2. 7 : B ~ B is a mapping with: 

(a) 7 2 = 1, and 

(b) 7 is a lattice homomorphism f rom (B,  A, V) to (B,  V, A) and from (B , . ,  +) to 
itself. 

A bilattice will be called distributive i f  the bilattice operations A, V, • and + distribute with 
respect to one another. 

It is suggested in [5] that  bilattices are natural objects to use in artificial intelligence 
applications, since the elements of the bilattice can be thought of as "truth values" labelling 
the statements in a declarative database. ']?he two partial orders represent how much confi- 
dence we have in the validity of a particular sentence, and how much information we have 
about it. These ideas are expanded on considerably in [5] and have recently been explored 
by Fitt ing as well [2]. 



Bilattices and Modal Operators 275 

k 

_L 

f t 

u 

~t  

Figure 1: F, the smallest nontrivial bilattice 

The two partial orders associated with a bilattice are denoted by _<t and _<k. The partial 
order _<t reflects how certain we are that  some sentence is valid, and corresponds to the 
lattice operations A and V. The partial order _<k is concerned with the amount of knowledge 
we have about a proposition, and is associated with the lattice operations • and +. The 
fact that  negation inverts the t partial order is the representation of de Morgan's laws in 
our setting; negation leaves the k partial order unchanged because we know more about a 
sentence p than about a sentence q if and only if we know more about -~p than  about -~q. 

Diagrammatically, we can draw a bilattice so that  the partial order _<t increases from left 
to right on the page, and the partial order <_k from the bot tom of the page to the top. Thus, 
for example, the simplest nontrivial  bilattice is as depicted in Figure 1. This is the bilattice 
that  corresponds most closely to conventional first-order reasoning. The four elements of this 
bilattice are used to label sentences that  are known to be true (t) or false ( f ) ,  about which 
nothing is known (u), or that  are known to be true and false (_L). (This last t ru th  value 
indicates the presence of a contradiction in our declarative database.) Larger bilattices also 
contain the four distinguished elements t, f ,  _1_ and u, these being the maximal and minimal  
elements of the two partial orders _<t and <_k. 

In [5], bilattices are also discussed that  correspond to assumption-based t ru th  mainte- 
nance systems (AIMS's) and default reasoning; in [4], this work is extended to a bilattice 
that  can often be used to determine whether  or not a given sentence follows from the cir- 
cumscription axiom. 

In the setting suggested by this approach, a declarative database consists of a mapping 
¢ from the set W of the well-formed sentences in our logical language into a fixed bilattice 
B: 

D e f i n i t i o n  2.2 A t ru th  assignment is a mapping ¢ : W ---+ B .  
Given two truth assignments  ¢ and ¢ ,  we will say that ¢ is an extension of ¢ ,  writing 

¢ _>k ¢,//¢(p) _>k ¢(p) for every sentence p W.  
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In practice, most  of the sentences in W will be mapped  to u (unknown).  
Of course, these ideas are of little use without  an associated notion of inference. The one 

we will present replaces the usual idea of a deduct ively closed set of sentences with tha t  of 
a deductively closed t ru th  assignment: 

D e f i n i t i o n  2.3 A truth assignment ¢ will' be called closed if." 

1. ¢(Aipi) _>k Ai¢(pi), 

2. ¢ ( ~ p ) =  ~¢(p)  for all p, and 

s. I f  p I = q, then ¢(q) >, ¢(p). 

The motivat ion behind this definition is as follows: Condit ion (1) says tha t  we should 
know at least as much about  a conjunct ion as we could conclude by conjoining the t ru th  
values assigned to the various conjuncts.  (2) says tha t  the two views of negation - as a 
syntact ic  operator  on our language and as a bilatt ice function - are equivalent, and (3) says 
that  if p entails q, then q should be "at least as true" as p is. 

The reason tha t  condit ion (1) does not read 

¢(A,p,) = A,¢(p,) (1) 

can be seen by considering the sentence p A ~p, where the t ru th  value assigned to p is u 
(unknown).  Now condition (2) says tha t  the t ru th  value assigned to ~p should be u as well 
(since if we know nothing about  p, then we also know nothing about  its negation),  and the 
constraint  given by (1) would incorrect ly lead us to assign u to p A ~p as well. 

The t ru th  value assigned to p A ~p is instead de termined by conditions (2) and (3). 
Specifically, if q is any sentence with ¢(q) = t, then  since q I= -~(p A ~p), we know from 
condition (3) tha t  

A _>, t, 
so that  ¢ (~(p  A ~p)) = t, and therefore by condition (2) tha t  ¢(p A ~p) = f .  

To see tha t  these notions generalize the'. conventional  ones, we have: 

P r o p o s i t i o n  2.4 A consistent set S of sentences is deductively closed if and only if  there is 
some closed truth assignment ¢ such that S = ¢-1( t ) .  

3 M o d a l  o p e r a t o r s  

Let us consider Definition 2.3 once again. Wha t  we would like to do at this point is to 
separate the third condition, which is the only one specifically involving entai lment ,  from 
the first two. 

As a preliminary, note tha t  we can replace the second condition of the definition, tha t  
¢(~p)  = ~¢(p) ,  with the weaker constraint tha t  

(2) 
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The reason for this is that  the third condition gives us that  ¢ ( - ~ p )  = ¢(p), so that  (2), 
applied to ~p, gives us 

¢(p) 

o r  

Combining this with (2), we conclude that  ¢(-~p) = ~¢(p).  
The point of this rewriting is that  the first two conditions of Definition 2.3 are now of 

the same syntactic form. It is also not hard to see that  Definition 2.3 is not altered if we 
include similar clauses involving other logical connectives. Disjunction is one of the functions 
describing the bilattice of t ruth  values; implication can be described by taking 

= v y .  

Quantifiers can be handled similarly. We will view V~c.p(~c) as shorthand for the set of all 
instantiations of p(x), and take the associated bilattice function to be the infinitary version 
of A (recall that  the t-lattice of any bilattice is complete). The quantifier 3 is similarly 
related to V. 

L e m m a  3.1 A truth assignment ¢ is closed if and only if it satisfies: 

1. ¢( f (p , ) )  >_k f(¢(Pi))  for f E {A, V, ~, D, 3,V) and 

y p I = q, then ¢(q) >_t ¢(p). 

D e f i n i t i o n  3.2 A truth assignment ¢ will be called prestable if 

¢(f(p,)) _>k f(¢(p,)) 

for any f e {A,V,'~, D,3,V}. 

(3) 

D e f i n i t i o n  3.3 A modal operator is any n-ary function.from the bilattice B to itself. Given 
a set M of modal operators, we define the extended language WM to be the smallest set 
satisfying the following properties: 

A consequence of this definition is that  q5 is closed if and only if it is prestable and satisfies 
the final clause of Definition 2.3. 

What  we have done in (2) and other expressions like it is to realize that  negation plays 
two distinct roles in the approach we have proposed. The first role is as a unary function 
from our bilattice of t ru th  values to itself; the second is as an operator on the set W of 
well-formed sentences in our language. 

We will take the view that  this is in fact a special case of a much more general phe- 
nomenon - bilattice operations can be viewed in general as establishing semantic meanings 
for their syntactic counterparts. These syntactic counterparts are generally referred to as 
modal operators; we define a modal  operator to be instead the associated function on the 
underlying bilattice: 
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1. W C W  M . 

2. For any modal operator f E M and elements p l , . . .  ,pn E W M ,  f(p~,. . .  ,p~) E WM. 

If M is the singleton set {m}, will denote W{m} simply by Win. 

The definition of the extended language W M matches the usual definition in which the 
set of well-formed formulae is extended in accordance with the introduction of one or more 
modal operators; when we say that f (Pl , . . .  ,pn) E WM, we mean only that WM includes an 
element of this syntactic form, since the function f obviously cannot be applied directly to 
the various sentences Pi. 

As we will see in Section 5, these notions lead to a natural generalization of Definition 
3.2. 

4 E x a m p l e s  a n d  c h a r a c t e r i z a t i o n  r e s u l t s  

4.1 Kripke-style modal  operators 

The usual description of modal operators is originally due to Kripke [7], and is based on the 
notion of possible worlds. 

Roughly speaking, Kripke considers a set of possible worlds in which all of the sentences 
in the unextended language are assigned truth values of t or f. These possible worlds are 
related via an accessibility relation a, and Kripke defines a modal operator Ka by saying 
that Ka(p) holds in a particular world w if and only if p holds in all worlds accessible from 
W .  

One way to formalize this (although not. the conventional one) is to introduce a function 
¢ that takes a sentence p and a world w and returns the truth value of p in w. The condition 
defining the semantics of the modal operator Ka is now that 

¢(Kop, w) = A ¢(P, w'), (4) 
l o  I 

where the conjunction is taken over the set of all w' with a(w,w') (in other words, the 
set of all w ~ accessible from w). The semantics of the modal operator are determined by 
the requirement that the truth values assigned by ¢ satisfy (4) in addition to the usual 
restrictions associated with the classical logical connectives. 

Of course, (4) bears a striking resemblance to our earlier equation (3) that was also 
intended to describe a semantics for modal operators. To make this observation precise, 
suppose that we denote by S the set of possible worlds appearing in the Kripke construction. 
F s, the set of functions from S to F, now inherits a bilattice structure from the set F, where 
the bilattice operations are computed pointwise and the assignment of the function g to a 
sentence p means that the truth vMue taken by p at the world w is given by if(w). 
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We can now capture the sense of (4) by fixing an accessibility relation a and defining the 
modal operator (i.e., bilattice function) given by: 

=o(g)(=) = A g(='), (5) 

where the conjunction, as in (4), is taken over all worlds w' accessible from w. 

4.2 Autoepistemic  reasoning 

Kripke is not the only author to consider modal operators. Moore, for example, formalizes 
in [8] a modal operator L, where Lp is intended to capture the notion of, "I know that p." 
This is related to the following unary mapping on the bilattice F: 

j ' t ,  i f x = t o r x = _ l _ ;  
L(x) 

f ,  otherwise. 

We know p if its truth value is either t of _L (if the latter, we know p to be both true and 
false), and do not know p if its truth value is either f or u. 

In Section 5, we will see that  once we have extended Definition 2.3 to deal with general 
modal operators, the redescriptions that we have given of Kripke's and Moore's definitions 
do indeed generalize this earlier work. Before doing so, however, we develop some general 
results concerning the form of modal operators on distributive bilattices. 

4.3 Characterization results 

The principal result of this section is Theorem 4.8, where we show that  every modal operator 
on a distributive bilattice can be expressed in terms of conventional logical connectives, 
Moore's L operator, and a set of operators that we will call projections. 

As a preliminary, we have the following: 

Proposi t ion 4.1 The L operator on the bilattice F cannot be written in terms of the existing 
biIattice functions A, V , . ,  + and ~ defined on F. 

In other words, the L operator is legitimately distinct from those that  have already been 
defined on the bilattice F. This explains why the semantics of autoepistemic logic cannot 
be captured by the existing methods of first-order reasoning. 

Proposi t ion 4.2 Every modal operator on the bilattice F can be written as a combination 
of the operators A, -% +, L, and the constant function u. 

As the upshot of the previous proposition was that the L operator cannot be written in 
terms of the existing logical connectives, the upshot of Proposition 4.2 is that  no additional 
operators are needed, at least on the bilattice F. 
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For larger bilattices, there are additioned possibilities. On the bilattice .F s, for example, 
there is a modal  operator that  assigns to t]he world j the t ru th  values corresponding to the 
world i (corresponding to the accessibility relation aij where world i is accessible from world 
j and no other worlds are accessible at all). In terms of (5), we have 

f g(i), i f w = j ;  
K. , j (g ) (w)  [ t, otherwise. 

It will be more convenient if rewrite this as 

where cj is given by 

and 

go,j(g) = . , j ( g )  + cj, 

u, i f w  = j ;  
t, o therwi se  

I g(i) '  i f k = j ;  7rij(g)( k ) 
u, otherwise. (6) k 

Roughly speaking, ~'ij projects the world i onto the world j ,  and cj indicates that  no 
world at all is accessible from any world other than  j .  

We also make the following definition: 

D e f i n i t i o n  4.3 Let B be an arbitrary bilattice. We define a modal operator L on B by 
taking 

n (x )  = A{YIY  _>k (x V u) and y . ~ y  = u} (7) 

L e m m a  4.4 L and L s coincide on F s.  

L e m m a  4.5 A n y  modal operator on F s can be written in terms of  A, -~, +, L, constant 
.functions and the various 7rlj appearing in (6) for  i, j E S. 

In general, of course, the bilattice being used in a particular application may not be of 
the form F s for any set S. To deal with these situations, we need to generalize the modal  
operators ~r~j appearing in (6). 

D e f i n i t i o n  4.6 Let B be a bilattice. A projection on B is a bilattice homomorphism that 
factors through F.  

In other words, 7r is a projection if an only if there exist bilattice homomorphisms s : B ~ F 
and i : F --~ B such that  ~" = is. 

L e m m a  4.7 The various ~jk appearing in (6) are projections. 

T h e o r e m  4.8 A n y  modal operator on any distributive bilattice can be written in terms of 
A, ~, +, L, constant functions and projections. 

It is shown in [5] that  a reasoning system is monotonic  if and only if the associated bilattice 
is distributive. Theorem 4.8 therefore can be used to characterize all modal  operators for 
monotonic inference systems. 
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5 I n f e r e n c e  

In order to demonstra te  that  the description of modal  operators that  we have presented does 
in fact generalize earlier work, we need to extend Definition 2.3 to deal with inference in a 
wider setting. 

Note first that  Kripke and Moore view inference very differently. For example, autoepis- 
temic reasoning is nonmonotonic:  -~Lp is a consequence of the empty set O, but  not of {p}. 
The reason for this is that  the t ruth  values assigned to sentences such as Lp or -~Lp are 
determined simply by evaluating the results of applying the modal  operator L to the t ru th  
value of p. 

In Kripke's case, things are not so simple. His approach requires that  we consider the 
models of our base theory, and determine from them what t ru th  values should be assigned to 
modal  expressions. Thus if K is a modal  operator corresponding to an accessibility relation 
that  considers only one possible world W, and such that  W is accessible from itself, we can 
prove 

Kp _= p 

so that  it is possible to conclude p from Kp and ~p from -~Kp. The analogous conclusions 
are not sanctioned in Moore's approach - from -~Lp we cannot conclude that  p is actually 
false, even though p is false in the only model where -~Lp holds. 

To formalize this distinction, we will split the set of modal  operators on a particular 
bilattice B into deductive and nondeductive subsets. The intent ion is that  we treat the 
deductive modal operators as Kripke does, determining their t ru th  values by examining 
models, but treat the nondeductive modal operators simply as defining the t ru th  values of 
their results. 

Definition 5.1 A modal operator on a bilattice B will be called deductive i f  and only if it 
commutes with + and .. All other modal operators will be called nondeductive.  

Proposit ion 5.2 The L operator is nondeductive. 

Proposit ion 5.3 Any modal operator on a distributive bilattice B that can be written in 
terms of A, "% +, constant functions and projections is deductive. I f  B is either finite or 
isomorphic to F s for some set S, then every deductive modal operator can be written in this 
fashion. 

We now need to extend the idea of a model  to the bilattice setting. To do this, consider 
first the four-point bilattice F.  It is fairly clear that  a t ru th  assignment corresponds to a 
model  if and only if it assigns either t or f to every sentence in W. For larger bilattices 
such as F 2 corresponding to multiple copies of the four-point bilattice, we want to say that  
a "model" should label a sentence as being true or false in each copy of F. Thus for the 
bilattice F 2, we require 

¢(p) C { ( t , t ) , ( t , f ) , ( f , t ) , ( f , f ) } .  (8) 
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What characterizes the four bilattice points appearing in (8) is that they cannot be 
extended in the k direction without introducing some element of contradiction into the truth 
value that they represent. We formalize this as follows: 

Def in i t ion  5.4 An element x of a bilattice will be called complete i f  x .  ~x -- u but for any 
element y > ~ x, y .  ~y # u. 

We are now in a position to give a definition of a model. Recalling our observation that 
the truth values assigned to sentences generated by nondeductive modal operators should 
not be determined by appealing to the truth values taken on models, we begin with the 
following: 

Def in i t ion  5.5 A truth assignment ¢ will be called prestable i f  

¢ ( f (P l , . . . ,Pn ) )  ;_>k f ( ¢ ( P l ) , . . . ,  ¢(P,~)) 

for every deductive modal operator f . 

This leads to: 

Def in i t ion  5.6 A prestable truth assignment ¢ will be called a model i f  ¢(p) is complete for 
every sentence p. 

/ f  ¢(q) >_t ¢(P) for every model ¢, we will say that p entails q and write p ]= q. 

Def in i t ion  5.7 A truth assignment ¢ will be called stable i f  and only if  it satisfies the 
following conditions: 

1. ¢ is prestable, so that 

¢(f(P~, . . .  ,P~)) >_~ f (¢ (p~) , . . . ,  ¢(P~)) 

for any deductive modal operator f .  

2. I f  p ]= q, then ¢(q) _>t ¢(P). 

3. For any nondeductive modal operator f ,  

¢ ( f ( p l , . . .  ,P,~)) = f ( ¢ ( p l ) , . . . ,  ¢(p,~)). 

The first two conditions describe the semantics of deductive modM operators, generalizing 
the notions appearing in Definition 2.3. The final condition makes precise the observation we 
made at the beginning of this section that the truth values assigned to sentences of the form 
f ( p l , . . .  ,p,~) for nondeductive f be determined simply by evaluating the result of applying 
the modal operator f to the truth values of the Pi. 

To see that  Definition 5.7 generalizes both first-order reasoning and Kripke's work, let K 
be a collection of modal operators of the form defined by Kripke. We now have: 
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T h e o r e m  5.8 A consistent set of sentences S C WK is deductively closed if and only if 
there is some stable truth assignment ¢ such that S = ¢-1(t) N WK. 

To draw a connection between this approach and the work on autoepistemic reasoning 
we need the following definition, repeated from [8], where Moore credits Stalnaker [11] with 
the idea: 

D e f i n i t i o n  5.9 A set of sentences S C WL will be called a stable set if and only if it satisfies 
the following conditions: 

1. S is deductively closed, 

2. I f  p 6 5', then Lp 6 S as well, and 

3. If  p ff S, then ~Lp C S. 

P r o p o s i t i o n  5.10 A consistent set of sentences S C WL is a stable set if and only if there 
is some stable truth assignment ¢ such that S = ¢ - l ( t )  N WL. 

Note the close resemblance between this result and Theorems 2.4 and 5.8. 

6 G r o u n d e d n e s s  c o n d i t i o n s  

Unfortunately, as discussed in [8], the closure of an autoepistemic theory is not given by the 
intersection of the stable sets containing it. As an example, consider Moore's example 

~Lb D ~b, (9) 

which might be interpreted as, "If I don't know that I have a brother, then I don't have a 
brother." 

If we denote this sentence by p, then there are two minimal stable sets containing p. In 
the first (the intended one), we have ~Lb, ~b, L-~b, and so on. Here, ~Lb holds, so that we 
don't believe that we have a brother, and -~b holds as a result. 

The other minimal stable set containing p contains Lb, and therefore contains b (if it did 
not, it would contain ~Lb by virtue of Definition 5.9). In this counterintuitive situation, we 
know that we have a brother, and conclude from this that we have a brother in order to 
close our beliefs under the L operator. 

In order to distinguish between the two stable sets in this example, Moore makes the 
following definition: 

D e f i n i t i o n  6.1 A set of sentences T will be called an autoepistemic expansion of a base 
theory S if and only if T satisfies the following equation: 

T = cl(S 0 LT U ~LT), (10) 

where T is the complement of T in WL. 
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Clearly any autoepistemic expansion of a set S is stable. 
The appearance of S in (10) allows us to conclude from p in (9) that we do not have a 

brother. Specifically, if T is to be an autoepistemic expansion of the set {p}, then T cannot 
contain Lb unless it contains b. But there is no way for b to be a consequence of sentences 
in S, L T  and ~LT.  

The bilattice analog to this definition is the following: 

D e f i n i t i o n  6.2 Let ¢ be a truth assignment and ~l, a stable extension of ¢. 
¢ is grounded i f  

¢ ¢+ 
] 

where the sum is over all nondeductive modal operators f . 

We will say that 

(11) 

P r o p o s i t i o n  6.3 Let S C WL be a set of sentences, and set 

It, gp s; es(P) / u, otherwise. 

Then the grounded stable extensions of es  are in natural correspondence with the autoepis- 
ternic expansions of S. 

In addition, Theorem 5.8 continues to hold because the sum in (11) is over nondeductive 
modal operators only, and the Kripke operators are excluded. 

An immediate outgrowth of these results is that we can use our description to simulta- 
neously provide a semantics for Kripke-style and autoepistemic modal operators. 

7 C o n c l u s i o n  a n d  fu ture  w o r k  

The purpose of this paper has been to argue that modal operators are best thought of not 
in terms of Kripke's possible-worlds construction, but as functions on the bilattice of truth 
values being used in any particular apphcation. The technical content of the paper has 
been to show that this approach generalizes both the possible worlds work and Moore's 
autoepistemic logic. 

7.1 Causality 

The real value of our ideas, however, is not in their ability to combine existing notions under 
a single formal framework, but to extend them. As an immediate example, we have already 
noted that the work in Sections 4.1 and 4.2 will allow us to define modal operators that 
combine the features of Kripke's and of Moore's. 

More interesting, however, is the fact that our construction does not inherit the possible- 
worlds construction's limitation to unary modal operators. If we write p > q for "p causes 
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q," this suggests  tha t  it may  be possible to in te rpre t  > as a b inary  moda l  opera tor  on its 
a rguments .  

This  idea is lent suppor t  by recent  work of G~rdenfors [3], where it is suggested t ha t  causal  
and exp lana tory  reasoning can be unde r s tood  in te rms  of probabil is t ic  man ipu la t ions  on the  
t r u t h  values assigned to the  sentences whose causal re lat ionship is being invest igated.  In [9], 
it is a rgued tha t  the  power of G£rdenfors 's  approach  lies not  in the  probabil is t ic  reasoning 
it uses, bu t  in the  idea t ha t  the  causal re lat ionship be tween p and q can be de t e rmined  by 
examining  the  sets of a s sumpt ions  needed to guaran tee  the  t r u t h  of these two sentences.  
These  assumpt ions  can be recorded in a bi lat t ice-based t r u t h  value 1 and the  G£rdenfors  
cons t ruc t ion  then  reduces to a m o d a l  opera tor  of the  sort we have discussed. 

More specifically, suppose  t ha t  we say tha t  a causes b provided  tha t  a and b are bo th  true,  
and tha t  in the  nearest  world where a fails, b would fail as well. 2 In order  to formalize this,  
we will suppose  tha t  we have identif ied some set C of ATMS contexts ,  and t ha t  for a given 
sentence p, we know the  t r u t h  value of p in each of these contexts ,  so tha t  our  bi lat t ice is in 
fact given by F c. We will also assume the  existence of a m a p  n tha t  accepts  as a rgumen t s  
a set S of contexts  and a par t icu lar  context  c and  re turns  the  context  in S tha t  is nearest  
to c. 3 

It  is now reasonable  to say t ha t  p causes q in a context  c if ¢(p)(c)  = t = ¢(q)(c) (i.e., 
bo th  p and  q hold in c), and if q fails in n(c,¢(p)-l(f)),  so t ha t  q fails in the  context  neares t  
to c among  those  in which p is false. In other  words, 

¢(p > q)(c)= ¢(p)(c)A ¢(p)-'(.f))]. 

In moda l  terms,  we have 

> y = A y 

In the  f ramework  we have developed,  this expression immedia t e ly  assigns a semant ics  to 
causal i ty  opera tor  >.  

7.2 Temporal reasoning 
Finally, we will sketch a possible appl icat ion of our ideas to t e m p o r a l  reasoning problems.  
As wi th  the  discussion of causal i ty in the  previous section, this work should be viewed as 
prel iminary.  

One of the  convent ional  approaches  to t empora l  reasoning involves reifying the  sentences 
in our language,  so t ha t  in order to say tha t  some sentence p holds at a t ime  t, we actual ly  

1The close relationship of this bilattice to de Kleer's work on assumption-based truth maintenance [1] 
has led to this being called the ,¢TMS bilattice in [5]. 

2My intention here is not to argue either in favor of or against this definition, but simply to show that it 
can be captured within the modal framework we have been discussing. Suffice it to say that definitions such 
as this are the topic of considerable discussion in the philosophical community. 

3Once again, we sidestep philosophical issues such as whether or not this nearest context is unique. This 
is a paper about modal operators, not causality. 
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write 
holds(p,t).  (12) 

The term reification refers to the fact that we have had to make the sentence p an object of 
our language in order to include it under the scope of the ho lds  relation. 

It seems more natural instead to treat ho lds  as a modal operator, although this raises 
the problem that we need to deal with the temporal variable appearing in (12) in some way. 

W e  will do this by replacing the bilattice B with which we are working with B T, where T 
is the set of time points in our temporal language. Thus we label a sentence not with an 
element of B, but with a .function that gives its truth value as a function of time. Sentences 
with no temporal component are labelled by constant functions from T to B. 

Having taken this view, how are we to express a causal rule such as 

holds(clear(b), t) A occurs(move(b,/), t) D ho lds ( lee (b ,  1), t + 1), (13) 

saying that we can relocate a block that is clear in the blocks world by moving it? The 
difficulty arises because the conclusion of the above rule is temporally delayed relative to the 
premises. 

In order to describe this in our setting, we need to introduce a modal operator that 
corresponds to temporal delay. Here it is: 

= f(t  + 1). 

,~ is a modal operator that takes any truth value (i.e., function from T into B) and delays 
it by one time unit. We can now rewrite (13) in the compact form: 

clear(b) A move(b, 1) Z loc(b,l). (14) 

Note that A is deductive. 
There are some difficulties with this approach; for example, it is somewhat awkward to 

describe situations in which the amount of delay varies depending upon features of the situa- 
tion at time t. It remains to be seen whether these difficulties are offset by the advantages of 
the simplicity of (14) and the flexibility resui[ting from the fact that reification is not needed 
by this approach. 

7.3 F u r t h e r  w o r k  

This paper has only begun to investigate the ideas suggested by the approach we have 
presented. Indeed, this has been our intention - to describe the approach itself, to show that 
it generalizes a variety of existing notions including Kripke's and Moore's constructions, to 
suggest novel ways in which it can be used to describe causal and temporal reasoning, and 
then to leave the hard work for others. 
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