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A b s t r a c t  

Bacharach and Cave independently generalized Aumann's  celebrated agreement theorem 
to the case of decision functions. Roughly speaking, they showed that  once two like-minded 
agents reach common knowledge of the actions each of them intends to perform, they will 
perform identical actions. This theorem is proved for decision functions that  satisfy a 
condition that  Bacharach calls the sure thing condition, which is closely related to Savage's 
sure thing principle. The assumption that  any reasonable decision function should satisfy 
the sure thing condition seems to have been widely accepted as being natural and intuitive. 

By taking a closer look at the meaning of the sure thing condition in this context', 
we argue that  the technical definition of the sure thing condition does not capture the 
intuition behind Savage's sure thing principle very well. It seems to involve nontrivial hidden 
assumptions, whose appropriateness in the case of non-probabilistic decision functions is 
questionable. Similar trouble is found with the technical definition of the like-mindedness 
of two agents. Alternative definitions of the sure thing principle and like-mindedness are 
suggested, and it is shown that the agreement theorem does not hold with respect to these 
definitions. In particular, it is shown that the agreement theorem does not apply to a 
particularly appealing example at t r ibuted to Bacharach. Conditions that  do guarantee the 
agreement theorem for decision functions are presented. Finally, we consider similar issues 
that  arise in the case of communication among more than two agents, as studied by Parikh 
and Krasucki. 
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1 I n t r o d u c t i o n  

In his seminal paper [Aura76], Aumann proved that  agents that  have the same prior probability 
distribution over the states of the world cannot agree to disagree. More precisely, once their 
posteriors for a certain event are common knowledge, these posteriors must  coincide, despite the 
fact that  they may be based on different information. In [Bac85,Cav83] Bacharach and Cave 
independently generalized Aumann's  result from posterior probabilities to decision functions: 
Roughly speaking, they showed that  once two like-minded agents reach common knowledge 
of the actions each of them intends to perform, they will perform identical actions. This 
theorem is proved for decision functions that  satisfy a condition Bacharach calls the sure thing 
condition. The following story, due to Bacharac:h, is intended to vividly capture the essence of 
the generalized agreement theorem. We present here the version found in [Aum89]. 

A murder has been committed. To increase the chances o f  conviction, the chief o f  
police puts  two detectives on the case, with strict instructions to work independently, 
to exchange no information. The two, Alice and Bob, went to the same police school; 
so given the same clues, they would reach the same conclusions. But  as they will 
work independently, they will, presumably; not get the same clues. 

A t  the end of  thirty days, each is to decide whom to arrest (possibly nobody). 
On the night before the thirtieth day, they happen to meet in the locker room 
at headquarters, and get to talking about the case. True to their instructions, 
they exchange no substantive information, no clues; but both are self-confident 
individuals, and feel that there is no harm in telling each other whom they plan to 
arrest. Thus, when they leave the locker room, it is common knowledge between 
them whom Alice will arrest, and it is common knowledge between them whom Bob 
will arrest. 

Conclusion: They arrest the same people; and this, in spite o f  knowing nothing 
about each other's clues. 

In the case of this example, the theorem assumes that  the rules by which each detective 
decides whom to arrest satisfy the sure thing condition. While the precise definition of this 
condition will be given in a later section, it is intuitively explained in [Aum89] as follows: 
"Suppose that i f  you knew which o f  the mutually exclusive events J happened, you would do b 
(which is the same for all J). Then you will take the same action b i f  you only know that some J 
happened, without knowing which one. Thus, i f  Alice would arrest the butler i f  a certain blood 
stain is typed A, B,  AB,  or O, (perhaps for different reasons in each case), then she can arrest 
the butler without bothering to send the stain to the police laboratory." Throughout  this paper, 
we will think of this explanation as corresponding to Savage's sure thing principle [Sav54]. 

By taking a close look at the proof of the agreement theorem, we will see that  Bacharach's 
technical definition of the sure thing principle is considerably stronger than is implied by the 
intuitive explanation given above. Roughly speaking, it requires the decision function to be 
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defined in a manner satisfying certain consistency properties at what amount to impossible 
situations. This is analogous to requiring a chess player's strategy to be defined, say, for a board 
with three kings. In addition, it turns out that the notion of like-mindedness implicitly used in 
[Bac85,Cav83,Aum89] doesn't quite correspond to the idea that given the same information the 
agents will reach the same decisions. The agreement theorem for decision functions is thus less 
applicable than initially thought. In particular, it does not directly capture the above murder 

story example. 

It is, nevertheless, conceivable that once we make the appropriate definitions capturing the 
sure thing principle and like-mindedness, the agreement theorem will still hold. We show that 
this is not the case. In fact, we present a scenario consistent with the above murder story, in 
which the detectives are like-minded and satisfy the sure thing principle as described above, 
and yet Alice and Bob agree to disagree after all. Given these negative results, we turn to 
study whether there are other natural conditions one could make that do ensure the agreement 
theorem. It is shown that a strengthening of the surething principle, which we call the inclusive 

sure thing principle, does work. 

Finally, we consider Parikh and Krasucki's extensions of Bacharach and Cave's agreement 
theorem to the case of communication among more than two agents [PK87]. In extending the 
previous work, Parikh and Krasucki's analysis suffers from similar shortcomings in terms of its 
applicability to deterministic decision functions. They present conditions that guarantee the 
agreement theorem for n > 3 agents. We show that their condition for n = 3 can be extended to 
an appropriate inclusive condition as above, while their condition for n > 4 cannot be extended 

in a nontrivial way. 

This paper is organized as follows. In the next section we present the model of knowledge 
along the lines of [Aum89]. The agreement theorem is stated, proven, and discussed in Section 
3. In Section 4 we reformulate the formal definitions of like-mindedness and the sure thing 
principle. Section 5 shows that the agreement theorem fails for the reformulated definitions, 
by presenting a "counterexample" scenario that is an instance of the murder story example. 
The agreement theorem is shown to hold with respect to an inclusive variant of the sure thing 
principle. Finally, the case of communication between more than two agents is discussed. 
Section 6 concludes with a discussion of the meaning of all this. 

2 Knowledge and C o m m o n  Knowledge 

We begin by reviewing the model of knowledge used for the standard proof of the (generalized) 
agreement theorem. Our exposition will closely follow that of [Aum89]. We start with a set 
whose members are called states of  the world. An event e is defined as a subset of 12. The family 
of all events is denoted by g. An event in the ordinary sense of the word, such as 'Ca crime has 
been committed", will be identified in the formalism with the set of all states of the world at 
which a crime has been committed. Inclusion of events corresponds to implication, union to 
disjunction, intersection to conjunction and complementation to negation. In addition, we have 
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a set II = {1 . . .  n} of  agents. For each agent j E I I  we will assume that  we are given a function 
I s : ~ ~ 2 ° satisfying: 

1.  ,.,, e Is(o,) 

2. Is(w ) and Is(w' ) are either identical  or disjoint. 

I j  thus induces a par t i t ion of  the states of ~2. I:i is called the information function of agent j .  
Intuit ively Ij(w) is the set of all those states of  the world that  are for agent j indistinguishable 
from w. Thus, if w is the true s ta te  of the world, j will usually not know this; he will know 
only that  the true s ta te  is a member  of Ij(w). Put  another way, Ij(w) consists of  all the states 
w ~ that  are considered by j to be possible when w is the true s ta te  of the world. An event e is 
called a possible state of knowledge for agent j if e = Ij(w) for some w E ~.  

A knowledge operator K j  : g ---, g is now defined as follows: for every event e, 

gj(e) = {w C ~! : Ij(w) C_ e} 

In words, Kj(e) is the event that  j knows that  e .obtains. (Notice that  when we interpret  events 
as formulas, such a definition of  knowledge has tihe propert ies of the modal  sys tem $5 [HM85].) 
The event tha t  everyone in a set N C II of agents knows that  e obtains is captured  by an 
opera tor  EN : g ~ £ defined as follows: 

EN(e) = nSelvKj(e ). 

It is easy to verify that  all members  of N know e iff EN(e) holds. We can i terate  the E/v 
operator ,  and define E~(e) -- EN(e), and E~+l(e) = EN(E~(e)) for m > 1. 

An event e is called common knowledge among a group N of agents, denoted C/v(e), if they 
all know e, all know that  all know it, all know that  all know that  all know it, and so on ad 
infinitum. Formally, we define 

CN(e) = n,~L~ ERr(e). 

We will generally omit the subscript  N when either the set in question is the set II of  all agents 
or when its identi ty is clear from context.  

An equivalent definition of con~non knowledge uses the not ion of a greatest  fixed point.  An 
event e is a fixed point  of a function f : g ~ g if f(e) = e; tha t  is, if f maps  the event e to 
itself. An event e is the greatest fized point of f ,  if it is a fixed point of f and e' C e for any 
other  fixed point  e' of f .  An equivalent definition of Cg(e) is as the greatest  fixed point  of  the 
function 

f (X )  = EN(e n x ) .  

This definition seems to be t te r  reflect the way common knowledge actually arises. Common 
knowledge does not result from an infinite i terat ive process in which higher and higher levels 
of  E~r(e ) are at tained,  but  ra ther  from a si tuation that  is a fixed point  of the E/v opera tor  
[HM89]. For other  frequently used definitions of common knowledge, see [Aum76,HM89]. 
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3 T h e  A g r e e m e n t  T h e o r e m  

In order to prove the agreement theorem we need a few definitions. An action function dj 
specifies agent j ' s  actions at a given state,  as a function of  the agent 's s ta te  of  knowledge (the 
set of states of the world she considers possible). It follows that  the value of dj(w) is completely 
determined by the set Ij(•).  We are therefore led to think of such functions as functions from 
nonempty  subsets of n.  Define a decision function to be a function D from nonempty  subsets 
of  1~ to a set .,4 of  actions. We say that  the agent j using the action function dj follows the 
decision .function D if for all s tates 0~ it is the case that  dj(w) = D(I j (w)) .  According to 
Bacharach, a decision function D is said to satisfy the sure thing condition (STC),  1 if whenever 
a nonempty  event e is a disjoint union of a family of events {J} ,  on each of which D(J )  = b, 
then also D(e) = b. (We will refer to this technical definition as the sure thing condition, as 
opposed to the sure thing principle, by which we refer to Savage's intuitive notion.) Finally, 
Bacharach defines two agents to be like-minded if  they bo th  follow the same decision function. 

We are now in a posi t ion to s ta te  and prove the agreement theorem in the form found in 
[Bac85,Cav83,Aum89]. We will denote by "dl = a" the event consisting of  all worlds w E 
for which dl(tv) = a. In words, the agreement theorem says that  if two like-minded agents 
following a decision funct ion  that  satisfies STC agree (a t ta in  common knowledge of  the fact) 
that  one of them intends to perform action a and the other  intends to perform b, then a = b. 
This captures the fact that  the agents cannot agree to disagree on what  the appropria te  course 
of action is. 

T h e o r e m  3.1: [Agreement Theorem] Let 1I = {1, 2}. I f  the agents are like-minded, and follow 
a decision function D satisfying the sure thing condition, then 

[C(dl = a) n C(d  = b) # O] a=b. 

Proof:  Set e = C(dl = a) fq C(d2 = b). Because e is common knowledge, K~(e) = e and 
therefore e is a disjoint union of demen t s  of the form I = II(w).  By definition of e, at every 
0J E e we have dl(w) = a, and hence D(Ii(~,,)) = a. Now, since e is a (nonempty)  disjoint union 
of such sets I ,  the fact tha t  D satisfies the sure thing condition implies that  D(e) = a. Similar 
reasoning with respect  to agent 2 shows that  D(e) = b, and as a result we obtain  a = b. | 

3 .1  D i s c u s s i o n  

The agreement theorem is based on two assumptions: The like-mindedness of the agents, and the 
fact that  their decision function satisfies the sure thing condition. The theorem immediately 
applies to the case in which the decision function yields the agent 's posterior (conditional) 
probabi l i ty  of a part icular  event, based on a common prior probabi l i ty  dis tr ibut ion over the 

1 Cave uses  t he  t e r m  u n i o n  cons i s ten t  to deno te  essent ia l ly  the  s a m e  proper ty .  
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states of f~, which is the case in Aumann's original agreement theorem [Aum76]. It has also 
been shown to apply in other situations originating from a common prior distribution, such as 
expectations or functions that maximize conditiional expectations [Bac85,Cav83]. However, as 
exemplified in the murder story example, Bacharach intuitively argues that these assumptions 
apply to a very wide range of situations. He claims that the sure thing condition applies to 
"just about  any plausible theory o f  rational decision", and interprets the agreement theorem 
as showing that,  in general, "differences in information alone cannot account for differences 
in behavior o f  rational persons . . .  any more than they can account for differences o f  opinion" 
[Bac85]. We now attempt a critical assessment of this point of view. 

3.1.1 Dec i s ion  func t ions  a n d  STC 

The proof of agreement theorem makes strong use of the fact that the decision function D 
is defined, and in a way that satisfies the sure thing condition, on the event e, which is a 
union of states of knowledge. But notice that an agent j 's  actions are completely determined 
once D is defined for all the events in Z = {Ii(w) : w • ~2}, which are all the possible states 
of knowledge of j .  Extending D beyond Z is intuitively analogous to extending a strategy for 
white in the game of chess to impossible board :positions. For cardinality reasons it is obvious 
that Z camlot include all the nonempty subsets of fL The following lemma characterizes a 
particularly interesting class of events that are definitely not possible states of knowledge for j: 

L e m m a  3.2: 1re ~ is a union of  two or more different states of  knowledge for j ,  then e ~ is not 
a possible state of  knowledge for j .  

Proof :  Let e' = I j (w) for  some  w, a n d  let  w'  be  a state such that e' 2 Ij(w') .  Given that 
w' • /j(w'), we have / j (w)  fq Ij(w')  ~ 0 and therefore I j(w')  = I j (w)  = e'. It follows that e' 
cannot be the union of two or more different states of knowledge for j .  | 

It follows that taking the union of states of knowledge in which an agent has differing 
knowledge does not result in a state of knowledge in which the agent is more ignorant. It 
simply does not result in a state of knowledge at all! If this is the case, however, then the 
technical definition of the sure thing condition does not quite capture the intuition given in the 
introduction for Savage's sure thing principle. It does not formalize the intuition that "if Alice 
would arrest the butler if a certain blood stain is typed A, B,  A B ,  or 0 ,  (perhaps for different 
reasons in each case), then she can arrest the butler without bothering to send the stain to the 
pohce laboratory." (We will consider the question of how this intuition can be captured formally 
in a later section.) It is easy to check that for a decision function that is defined only on the 
agent's possible states of knowledge, the STC is never violated, since the decision function is 
not defined on nontrivial unions. Once we require a decision function to be extendible to such 
unions, however, the STC does appear to be a nontrivial consistency condition. Except that it 
no longer seems to capture our original intuition, and its actual meaning is quite unclear. 
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Returning to the proof  of the agreement theorem, we see that  it is based in a crucial way 
on the fact that  the decision function D is defined on the event e = C(dl  = a) fq C(d2 = b). 
Since this event will generally be a nontrivial union of states of knowledge, Lem.ma 3.2 thus 
implies that  e will in general not be a possible s tate of knowledge for either agent. As we have 
argued above, the assumption that  the agents'  decision functions are defined on e and that  they 
satisfy the sure thing condition with respect to e and its subsets cannot be accepted without  
addit ional motivation.  We conclude that  it is no longer obvious that  the agreement theorem, 
as stated,  applies to cases such as Bacharach's  murder  story example. 

3.1 .2  L i k e - m i n d e d n e s s  

In our story the two detectives are described as "like-minded". By this it is meant  that  given 
the same information they would behave in the same way. Technically, this proper ty  has 
been formalized by having bo th  agents follow the same decision function. Indeed, this seems 
to capture the idea that  given the same information, the agents should perform the same 
action. However, a closer inspection shows that  here again there are some unexpected subtleties. 
Consider for example a s i tuat ion where for some state w we have IA(w) C_ gA(e )  fq g a ~ g s ( e ) .  
Let us denote IA(W) by I~. In In, Alice knows that  e obtains and at the same time knows that  
Bob does not know this. Clearly, Ia is not a possible s ta te  of knowledge for Bob, because this 
would require him to know that  e obtains and at the same time to know that  he (Bob) does 
not know this. So there is no sense in demanding that  when Bob's  s ta te  of knowledge is I~ 
he should take the same action that  Alice does when she is in I~. To be more precise, Ia is 
not a possible s ta te  of knowledge for Bob, and hence dB - -  Bob's  action function - -  need not 
be defined on I~ at all. Indeed, it is not hard to check that  events that  are possible states of 
knowledge for more than one agent are of a very special form: 

L e m m a  3.3: If some event e' is a possible state of  knowledge for both Alice and Bob, then 
et ---- C ( A , B } ( e t ) .  

It thus turns out  that  the vast major i ty  of Alice's states of knowledge are not possible states of 
knowledge for Bob,  and vice versa. As a result,  the technical requirement that  has been taken 
to capture the notion of like-mindedness does not capture the idea that  Alice and Bob went to 
the same school and will act similarly given the same evidence. 

Let us digress for a moment  and consider an argument that  has been brought  up against 
our a t tack on the sure thing condition in the previous subsection. We claimed in L e m a n  3.2 
that  a nontrivial union of an agent 's s tate of knowledge does not result in a s ta te  of knowledge 
that  is possible for that  agent. One could, nevertheless, imagine a s i tuat ion where a third agent 
is added, for whom the union is a possible s tate of knowledge. The point,  however, is that  there 
does not  seem to be a good reason to relate what  Alice and Bob do when their knowledge s tate  
is an element of the union, with what  the third agent should do when in the union. In addition, 
of course, it is possible to prove an analogue of L e m a n  3.3 that  shows that  a third agent 's s tate 
of knowledge will coincide with the union only under rather  part icular  circumstances. 
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4 Re fo rmu la t i ng  the  condi t ions  

The intuitive notions of  like-mindedness and the sure thing principle are perfectly sensible. 
Even if, as we have argued, these notions are not formalized properly in [Bac85,Aum89], they 
definitely deserve to be given alternative formal definitions. This is what  we will a t t empt  to do 
in this section. 

Let us s tar t  by reconsidering the notion of like-mindedness. When,  for example,  we say that  
the detectives in the murder  s tory example are like-minded, we intuitively mean that  given the 
same information they would act in the same way. The question is what  we mean by "given 
the s a m e  information".  Clearly, an agent 's knowledge s tate  determines the information it has. 
Wha t  Lemma 3.3 shows us is that  the agents '  :having the same information is not the same 
as their having the same knowledge state.  Indeed, decision functions usually depend only on 
certain aspects of the knowledge state. The too thpas te  a detective regularly uses may be par t  
of the description of  a s ta te  w, but  the detective's decision will p resumably  not  depend on this 
aspect of  the world. We will thus want to consider agents as having the same information 
when their knowledge about  the facts relevant to their decision is the same. Wha t  these facts 
are will in general depend on the model  and the decision function. We remark that  when a 
decision function truly depends on all aspects of the knowledge state,  the lennna shows that  
the not ion of  different agents having the "same information" is not  well defined in general. 
We will therefore consider reductions of the complete knowledge s ta te  to a s ta te  of knowledge 
about  facts that  are relevant to the decision; these will be called states of relevant knowledge. 
We will then be able to compare what  different agents do when they are in the same state  of 
relevant knowledge. However,  to avoid the type  of problems that  arose in the previous section, a 
definition of like-mindedness seems to truly capture the notion only when every s tate  of relevant 
knowledge that  is possible for one agent is possible for the other  agent as well. The concept of 
a s ta te  of relevant knowledge will also prove useful for reformulating the sure thing condition. 
In this case, however, we will be able to overcome the problem raised in Lemma 3.2 once we 
require tha t  the union of  states of relevant knowledge is always a possible s ta te  of relevant 
knowledge. 

We now formalize the above discussion. A projection of fl is a function p : fl ~ Q, 
where Q is an arbi t rary  set. We extend such a project ion p to events over ~ by defining 
p(e) = {p(w) : w E e}. Given a model  ( f l , I i , I ~ , . . . ) ,  a decision function D is said to be 
admissible with respect  to a set N of agents if there exists an associated project ion PD satisfying 
the following three conditions: 

1. Whenever  pD(e)= pD(e'), then D(e)= D(e'). 

2. For all agents j , j '  E N and states w there exists a s ta te  w' such that  pD(Ij(w)) = 

3. For every nonempty  set e C ~ and agent j E 

pD(Ij(w')) = U pD(I~(w)). 
a~Ee 

N there exists a s ta te  w ~ such that  
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The first condition demands that the decisions taken according to D depend only on the knowl- 
edge about the relevant aspects of the world, as they are projected out by PD. This guarantees 
that the projection PD does not discard information that is relevant to the decision taken. The 
second condition says that every state of relevant knowledge that is possible for one agent of N 
is possible for any other. (N will often be a set of two agents; we do not intend for N to gener- 
ally be the set of all agents.) Finally, the third condition guarantees that the union of states of 
relevant knowledge is itself a state of relevant knowledge. 2 A projection PD satisfying the above 
conditions with respect to D and N we call a relevance projection for D and N. We remark that 
an admissible decision function D may have many different relevance projections (with respect 
to the same N; as usual, we will not mention the set N when it is clear from context). Notice 
that for any decision function, the identity projection mapping every state w E ~l/to itself and 
every event to itself will clearly satisfy the first condition. However, Lemmas 3.2 and 3.3 show 
that it does not satisfy the other two. The second and third conditions restrict the decision 
function so that the problems raised in the previous section do not apply. 

We can now redefine the notion of like-mindedness as follows: 

Def in i t ion  4.1.. The agents in a set N are said to be like-minded if (i) they all follow the 
same decision function D, and (ii) D is admissible with respect to N. 

Recall that,  by the first condition, an agent's actions are a function of its state of relevant 
knowledge. As a consequence, our definition says precisely that like-minded agents act in the 
same way given the same (relevant) information. 

The third condition requires that a union of states of relevant knowledge must itself be a 
state of relevant knowledge. Recall that our problem with Bacharach's definition of the sure 
thing condition was caused by the fact that the union of states of knowledge is in general not 
a state of knowledge (see Lemma 3.2). Thus, whereas unions of states of knowledge did not 
correspond to a state of knowledge of the disjunction of the states, unions of states of relevant 
knowledge do correspond to disjunctions of the relevant facts known in the states of knowledge 
being united. We can thus define the sure thing principle with respect to an admissible decision 
function as follows: 

Def in i t ion  4.2: An admissible decision function D is said to satisfy the projected sure thing 
condition (PSTC) if there exists a relevance projection PD corresponding to D such that when- 
ever a set pD(e) is a disjoint union of the sets PD(J) for a family of events {J} on each of which 
D(J)  = b, then also D(e) = b. 

Having introduced admissible decision functions, and redefined like-mindedness and the sure 
thing principle with respect to them, we are faced with a number of questions. First of all, we 

~We make this requirement for ease of exposition. Technically, a slightly weaker condition would suffice. 
While our choice has the effect of making fewer decision functions admissible, this condition holds in many cases 
of interest. 
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should see whether  such admissible decision functions arise in common scenarios. This will be 
done by providing a na tura l  interpretat ion of the murder  story example in which the detectives 
are like-minded, and follow an admissible decision function satisfying the projected sure thing 
condition. Once we do this, we will face the question of whether  the agreement theorem holds 
with respect to the new definitions. 

5 A g r e e m e n t  T h e o r e m  Revis i t ed  

We are now in a position to show the following: 

P r o p o s i t i o n  5.1: [Disagreement Theorem] Like-minded agents following an admissible deci- 
sion .function that satisfies the projected sure thing condition (PSTC) may agree to disagree. 

In order to prove this proposition, we will construct  an example in which the agreement 
theorem fails. Roughly speaking, the example will be an instance of the murder  story; we will 
first give an in_formal presentat ion of the scenario, and later complete the formal details. 

There are initially three main  suspects, called a,  j3, and 7. It is assumed that  7 
is the toughest of the three, followed by ~, while c~ is the weakest. Therefore, a 
is more likely than  /3 to cooperate in an interrogation, while /~ in turn  is more 
likely than  7. The police school in Macho Macho maintains that  at most  one arrest 
should be performed in any investigation, in order to keep up the public's t rust  in 
the competence and integrity of its police..As a consequence, when it is known tha t  
a part icular  suspect is guilty of a crime, he is immediate ly  brought to trial. When 
there is a doubt between two suspects, the weaker of the two is brought in and 
competent ly  interrogated until  the police discovers whether  he is innocent.  Finally, 
as long as there are more than two suspects, the investigation proceeds without  any 
arrests being performed. 

In the part icular  instance being described[, 7 is the culprit. By the t ime Alice 
and Bob report  to the chief of  police, Alice has discovered that  f~ is innocent,  
and is still in doubt whether  it was a or "7 that  was at fault. Bob, on the other  
hand,  was less successfull, and still considers each of the three a suspect. Alice 
therefore initially intends to suggest that  c~ be arrested, while Bob would suggest 
that  no arrests be made  at this stage. Throughout  their conversation, Alice insists 
on suggesting that  a be arrested for interrogation, while Bob, not being able to use 
this information to rule out any of the suspects, insists on suggesting that  no arrests 
be made.  After  a while it becomes common knowledge that  Alice and Bob will stick 
to these conclusions, and they enter the chief's room having agreed to disagree. 

It is obvious that  Bob's declaration does not provide Alice with any useful information.  Let 
us consider why Bob gains no relevant information from Alice's declaration. Alice's declarat ion 
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implies that she has discovered about one offl and ~ that he is innocent, and still considers the 
other one of them and a suspect. However, Bob cannot determine from Alice's declaration whom 
she has discovered as being innocent. As a consequence, he still considers each of a, ~, and ~, 
suspect after her declaration, z As a consequence, in their second round of declarations both 
Alice and Bob will stick to their original declarations. The exact same reasoning and the same 
declarations repeat themselves in each of the following rounds of Alice and Bob's conversation, 
until at some point they attain common knowledge of their respective suggestions. We now 
formalize this example. 

5.1 M o d e l i n g  t h e  m u r d e r  s t o r y  s c e n a r i o  

Before we turn to the task of modeling the particular example described above, we wish to 
enrich Aumann's model of knowledge to one in which the internal structure of the states of 
the world is made more explicit. A state of the world consists of local states of a distinguished 
set of agents, and the state of the rest of the world, which we call the environment. (The 
environment will often contain additional agents; the agents that are singled out are typically 
the ones in whose states and knowledge we are most interested.) More formally, following work 
on reasoning about knowledge in distributed systems [HM89,Ha187], we will associate with 
every state of the world w an internal structure int(w) of the form ( t l , . . .  , in ,  lenv) , where tj  
represents the local state of agent j ,  and £~,~, represents the state of the environment. We will 
denote agent j 's  local state at int(w) by wj, and the environment's state by wenv. The actual 
states of the agent and of the environment will in general themselves have additional structure, 
depending on the particulars of the scenario being modeled. 

Once we ascribe to each state of the world such internal structure, we can derive the infor- 
mation functions Ij directly from the internal structure, based on the agents' local states. Two 
worlds will be considered indistinguishable by agent j exactly if she has the same local state in 
both. Formally, we define 

In effect, local states replace information functions as primitives of the model. We remark that 
adding such internal structure to states of the world and deriving the information functions 
in this manner can be done without loss of generality to any model of knowledge of the type 
described in Section 2. Specifically, assuming there are distinct names for all the states of the 
world, and for all the possible states of knowledge, we can simply take wj to be the name of 
Ij(w), and take w~n~, to be the name of w. This construction yields a model isomorphic (with 
respect to knowledge) to the original one. 

In the murder story application, the agents we wish to study carefully are Alice and Bob. We 
will thus associate with every state of the world an internal structure of the form ([A, [B, [en,). 
All relevant facts other than Alice and Bob's states will be modeled by the environment. Of 

3The  in tu i t i ve  reason  why Bob  c a n n o t  suggest  to i n t e r roga t e  a a t  th is  po in t  is t h a t  if  Bob  would now 
interrogate a and  discover t h a t  a is innocen t ,  he could not  say who should  be  ind ic ted  w i t h o u t  a second ar res t .  
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course, this environment may  very well contain other agents related to the murder  case, may  
involve their knowledge, etc. (The choice is up to us. We could just  as well have chosen to 
model  these addit ional  agents as first rate citizens with their own local states.  There are many  
ways to slice a cake.) Thinking in terms of agents '  local states has the advantage that  we can 
often define these states in a natura l  manner  based on the scenario we are considering. This 
allows a careful s tudy of  what  knowledge each agent obtains at any given point,  and of how 
knowledge evolves over time. 

The murder  s tory scenario seems to involve t:hree essential steps. The first stage involves the 
murder  and all events up to the point at which the chief of police puts  Alice and Bob on the case. 
The second stage is the detectives '  inquiry stage, in which they each investigate various aspects 
of  the murder  case. Finally, the third case consists of their conversation in the locker room, 
resulting in their final report  to the chief. Each of  the detectives enters the second stage with a 
part icular  local state,  which includes the wisdom gained in police school, and may  also include 
personal tendencies as to how to perform the investigation. By the end of the second stage, the 
local s ta te  of each detective also contains the evidence s /he  has obtained.  In the third stage, 
Alice and Bob compare notes. They al ternate turns in each announcing the action it would take 
given its current knowledge. Following each announcement ,  the contents of this announcement  
are appended to bo th  agents '  local states.  We are thus assuming that  Alice and Bob do 
not forget any of  their discussion. 4 Notice that  as a consequence of our defining an agent 's 
knowledge based on its local state,  the agents '  relevant knowledge is upda ted  automatically.  
Our model,  taken from the dis t r ibuted systems methodology,  thus incorporates  the evolution 
of agents '  knowledge in a manner  that  is directly related to the change in the information they 
maintain.  We remark that  equivalent methods  of updat ing  agents '  knowledge in the course of 
such a conversation are defined explicitly in [GP82,Mak83,Cav83,Bac85,PK87].  

5 .2  T h e  c o u n t e r e x a m p l e  

Wha t  remains to be done in order to complete the formal proof  of  Proposi t ion  5.1 is to (i) 
describe the detectives '  decision function, (ii) slhow that  it is admissible and satisfies PSTC,  
and (iii) show that  Alice and Bob agree to disagree in the part icular  scenario presented. 

The detectives '  decision function D can easily be described by specifying its relevance pro- 
ject ion PD, and by specifying the associated function D ' ,  whose domain consists of the sets 
po(e). Formally, we will have D(e) = Or(po(e)). Given a s ta te  w of the world, we define 
pD(w) to be  the actual  murderer  in the s ta te  w, if the murder  has already taken place in w's 

4This is purely an assumption we make for simplicity in this particular example. As is well-known, we could 
model forgetting in various ways too. For example, we could capture the idea that an agent only remembers 
the outcome of its test and the three latest announcements by having the local states contain exactly that 
information. 
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history. The definition of D r is as follows: 

D ' ( ( a } )  = indict(a) D~'({B,7})-- arrest(B) 
Dr({B}) = indict(B) Dr({a,  7}) -- arrest(a) Dr({a ,B ,7} )  = 0 
Dr({7}) = indict(7 ) D r ( { a , B } ) =  arrest(a) 

The set Q is thus {a, B, 7}. An immediate corollary of a theorem of Geanakoplos and Polemar- 
chakis in [GP82] states that  if Q is finite, then Alice and Bob are guaranteed to reach common 
knowledge of the actions each one of them intends to perform, after a finite number of rounds. 

Let us check that  D is an admissible decision function. By defining D based on PD, we have 
guaranteed that  it satisfy the first admissibility condition. The second admissibility condition 
corresponds to the assumption, which we are implicitly making, that  any subset of {a, B, 7} is 
a possible state of relevant knowledge for each of the detectives. Finally, the third condition is 
satisfied because D ~" is defined on all nonempty subsets of Q and hence on all unions of states 
of relevant knowledge. It follows that  D is admissible. The fact that  D satisfies the projected 
sure thing condition is trivially satisfied, as there are no disjoint states of relevant knowledge 
on which the same decision is taken. (The only two state of relevant knowledge on which the 
same action is taken are {a, B} and {a, 7}, but these are not disjoint.) 

The actual scenario in the counterexample is one in which Alice finishes her inquiry (and 
enters the locker room) with {a, 7} as her state of relevant knowledge, while Bob has {a, B, 7}. A 
simple proof by induction on the number of rounds now shows that  in this particular example, 
Alice will forever have {a ,7  } as her state of relevant knowledge, and hence will insist on 
deciding to arrest a,  while Bob will have {a, B, 7} as his state, and will insist on continuing the 
investigation with no arrests. Now, since their decisions will become common knowledge after 
a finite number of steps, they will in fact end up agreeing to disagree! 

5.3  S u f f i c i e n t  c o n d i t i o n s  fo r  a g r e e m e n t  

We now turn  to study sufficient conditions for the agreement theorem. In order to do so, let 
us start by reconsidering why the theorem fails in the counterexample presented above. The 
point seems to be that  whereas different states of knowledge of a given agent are guaranteed to 
be disjoint, different states of relevant knowledge are not guaranteed to be disjoint. However, 
in the spirit of STP and STC, union consistency is required by PSTC only for disjoint unions. 
Looking at the details of the example, Bob's state of relevant knowledge when they agree to 
disagree is {a ,B ,7} ,  and he remains uncertain whether Alice's state of knowledge is {a,B} 
or {a ,7}.  Observe that  Dr({a,B})  = Dr({a ,7} )  = arrest(a), while Dr({a,B}  U {a ,7})  -- 
Dr ({a ,B ,7} )  = 0. We are thus led to the question of whether modifying PSTC to apply to 
arbitrary unions can salvage the agreement theorem for scenarios such as the murder  story. 
Define an admissible decision function D to satisfy the inclusive projected sure thing condition 
(IPSTC) if whenever a set X C Q is a union of a family of (not necessarily disjoint) subsets 
{Y}, on each of which Dr(Y)  = b, then also Dr(X)  = b. We can show: 
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T h e o r e m  5.2: Like-minded agents following an admissible decision .function satisfying the 
inclusive projected sure thing condition ( IPSTC)  cannot agree to disagree. 

P r o o f :  As in the proof  of Theorem 3.1, set e = C(dl = a) n C(d2 = b). Again, because e is 
common knowledge, Kl (e )  = e and therefore e is a (disjoint) union of elements of the form 
I = I i (w) .  By definition of e, in every w • e we have dl(w) = a, and hence Dr(pD(I i (w)))  = a. 
Now, since e is a (nonempty)  union of such sets I ,  we have by definition of PD that  pD(e) is 
the union of the corresponding sets pD(1). The fact that  D satisfies the inclusive projected 
sure thing condition now implies that  D(e) = D"(pD(e)) = a. Similar reasoning with respect 
to agent 2 shows that  D(e) = b, and as a result we obtain a = b. | 

The inclusive projected sure thing condition is clearly stronger than  PSTC. However, for 
decision functions that  do not originate from probabilistic reasoning, it does not seem to be 
much harder  to accept the inclusive condition than  it is to accept the original (exclusive) PSTC.  
Indeed, on second thought ,  it is not  clear why disjointness appears in the blood stains motiva- 
tion for STP quoted in the introduction.  In nomprobabil ist ic  settings, restrict ing a t tent ion to 
disjoint unions is often quite unnatural .  (In cases when a decision function is based on posterior 
probabilities or expectations,  the disjointness requirement  arises in a na tura l  way.) Indeed, we 
consider the inclusive projected sure thing condition to be the more na tura l  condition in the 
non-probabilistic case. We therefore conclude that ,  once the definitions are formulated appro- 
priately and STP is replaced by inclusive STP, the agreement theorem does hold in the context 
of the murder  story. In this case the s ta tement  that  if the detectives use a reasonable decision 
function they cannot agree to disagree is justified. This also explains why our counterexam- 
ple may  seem somewhat  contrived or unnatural :  Any non-probabilistic decision function that  
satisfies PSTC but not IPSTC is likely to be somewhat unnatural .  

It is interesting to note that  PSTC does suffice when the projections of disjoint states of 
knowledge are guaranteed to be disjoint. We can thus state the following proposition: 

P r o p o s i t i o n  5.3:  Let H = {1,2}, and let e = C(dl = a) N C(d2 = b). Assume that (i) 
the agents are like-minded, (ii) they .follow an admissible decision .function D satisfying PSTC,  
and (iii) for j E H and all w, w' E e it is the case that whenever I j (w) N I j(w')  = O, then also 
pD(Ij( )) n pD(IAo/)) = 0. Then 

[C(dl=a) nC(d2=b)#O] a = b .  

We can think of the requirement here as a corabined condition, applying both  to the decision 
function and to the protocol the agents are using for their interaction. It would be interesting 
to s tudy other  combined conditions that  yield the agreement theorem. 

5 . 4  M o r e  t h a n  t w o  a g e n t s  

Our final topic involves the question of how the analysis presented above applies to the case 
of more than  two agents. It turns out that  there are at least a couple of interesting types of 
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scenarios tha t  are worth considering in this case. One of them is the direct generalization of 
the agreement theorem to agreement among n > 2 agents. This corresponds to the case in 
which, say, three detectives, Alice, Bob, and Charlie are assigned to the case, and all three 
meet in the locker room and carry out a joint discussion of their intended actions. Everything 
any one of them says in this discussion immediately becomes common knowledge to all three. 
It is not hard to show tha t  the results of [Aum76,Bac85,Cav83] and our above results all extend 
immediately to more than  two agents in this case. However, in [PK87] Par ikh and Krasucki 

considered a somewhat more practical si tuation in which the agents communicate in pairs, and 
the contents of a message are known only to the sender and the reciever of the message. They 
assume, however, tha t  the communicat ion protocol being used is fair, s and tha t  the decision 
functions are real valued. 

D e f i n i t i o n  5.4: A decision function D is said to be weakly convex if for all X, Y C 12 we have 

X n r = O ~ D ( X  U Y)  = a. D ( X )  + b. D(Y) ,  

for some a, b > 0 such tha t  a + b = 1. D is strongly convex if it guarantees tha t  a, b > O. 

Parikh and Krasucki show tha t  the agreement holds for fair protocols with decision functions 
satisfying STC when there are n = 2 agents, and tha t  this is not the case for n > 2. Weak 
convexity of D is a sufficient condition for the agreement theorem in the case of n = 3 agents, 
but not for n > 3. Finally, the agreement theorem holds in the context of fair protocols for 
n > 4 when D is strongly convex. We now review these results in light of our analysis. 

The weak and strong convexity conditions, like the STC, are applied to disjoint unions of 
subsets of ~.  They therefore suffer from the same shortcomings as STC with respect to their 
intuitive meaning for deterministic or generally non-probabilistic decision functions. For the 
case of n = 3 we can obtain a positive result similar to Theorem 5.2. We define a decision 
function D to satisfy inclusive weak convexity if for all sets X, Y C lfl (not necessarily disjoint) 
it is the case tha t  D ( X  U Y)  = a. D ( X )  + b. D(Y) ,  for some a,b > 0 such tha t  a + b = 1. An 
appropriate modification of the proof of [PK87] yields: 

P r o p o s i t i o n  5.5: Three like-minded agents using a fair protocol and a continuous admissible 
decision function satisfying inclusive weak convexity cannot agree to disagree. 

It is possible to a t t empt  to do the same for strong convexity and n > 4. Again, we would 
relax the disjointness requirement and obtain the notion of inclusive strong convexity. This, 
however, yields a rather  meaningless result, as the following lemma shows: 

~By a protocol they mean an a priori fixed list of sender-receiver pairs, specifying the order in which messages 
are sent. Given such a protocol, consider a graph whose vertices are the agents, where there is a directed edge 
from vertex i to vertex j exactly if i sends j an infinite number of messages according to the protocol. They call 
a protocol fair if its corresponding graph thus constructed is strongly connected. 
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L e m m a  5.6: A decision .function D satisfying inclusive strong convexity is necessarily a 
constant fnnction. 

Proof :  For any X C f /we  have 

D(f~) = D ( X  U 12) = a-  D ( X )  + b . D(~) .  

Since a > 0 and a + b = 1, we get D ( X )  = D(fF). | 

We are therefore unable to suggest any nontrivial positive result for fair protocols in the 
case n _~ 4. 

6 C o n c l u s i o n s  

We argued that formal definitions of the sure thing condition and the notion of like-mindedness 
used in [Aum89,Bac85,Cav83] do not capture their intended intuitive meaning. As a result, the 
agreement theorem of [Bac85,Cav83] is perhaps less widely applicable than was believed. It is 
important to note, however, that this theorem is both technically correct and of considerable 
practicM significance. While not quite applying to arbitrary decision functions, it extends 
Aumann's original agreement theorem [Aum76] from agreeing on posteriors to many other 
interesting agreements, such as expectations, actions that maximize conditional expectations, 
etc. It seems riot to directly apply in the presence of (non-probabilistic) nondeterminism in the 
agents' actions. In particular, it does not apply to the murder story example. 

The reason that the technical definitions of like-mindedness and STC fail to capture their 
intended meaning seems to be that states of knowledge are a special subclass of the set of all 
events. This set is not closed under operations such as taking union, nor is it guaranteed to be 
symmetric with respect to the agents. Some of the structure of this set is more transparent once 
we model the internal structure of states of the world explicitly, as is done in the distributed 
systems literature, rather than implicitly, as in the game theoretic literature. The explicit 
modeling has the additional advantage that it provides useful machinery for the formalization 
of particular examples, and makes the evolution of knowledge over time more apparent. 

Our definition of admissible decision functions and PSTC made it possible for us to consider 
the agreement theorem in the context of scenarios such as the murder story example. It is 
interesting to note, however, that it is not the case that posterior probabihty is a special 
case of an admissible decision function satisfying PSTC. (Recall that the STC is a proper 
generalization of posterior probability.) The reason for this is that our relevant knowledge 
states are constructed in a way that does not maintain information about the probabilities of 
the events known about. Indeed, the interaction of relevant knowledge and probability in this 
context is as yet somewhat unclear to us. We believe it deserves to be studied further. Perhaps 
the framework of Halpern and Tuttle in [HT89] could prove useful here. 



Agreeing to Disagree After All 167 

We do not consider the results repor ted on in this abstract  as showing tha t  the claim 
made in the murder  story is philosophically wrong. On the contrary, once the definitions are 
reformulated,  and we consider an inclusive version of the sure thing principle, the agreement 
theorem is maintained.  Our results mainly raise issues regarding how one should formalize 
concepts related to, and in the presence of, knowledge. They imply that  Bacharach and Cave's 
original definitions and theorem do not apply to the murder  story. It remains an interesting 
open problem whether  there is a na tura l  formulation of the agreement theorem that  generalizes 
both  our results and those of Bacharach and Cave. Such a theorem would at once apply both  
to probabilistic and to non-probabilistic situations, and would justify Bacharach's  claim that  
"differences in information alone cannot account for differences in behavior o f  rational persons 
•. .  any more than they can account for differences o f  opinion" [Bac85]. 
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