Sequential voting rules and multiple elections paradoxes
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Abstract

Multiple election paradoxes arise when voting
separately on each issue from a set of related is-
sues results in an obviously undesirable outcome.
Several authors have argued that a sufficient con-
dition for avoiding multiple election paradoxes is
the assumption that voters have separable pref-
erences. We show that this extremely demand-
ing restriction can be relaxed into the much more
reasonable one: there exists a linear ovder

... > Xp on the set of issues such that for each
voter, every issug; is preferentially independent
of Xit1,...,Xp give€nXgy,...,Xj—1. This leads us

to define a family of sequential voting rules, de-
fined as the sequential composition of local vot-
ing rules. These rules relate to the setting of con-
ditional preference networks (CP-nets) recently
developed in the Atrtificial Intelligence literature.
We study in detail how these sequential rules in-
herit, or do not inherit, the properties of their lo-
cal components. We focus on the case of mul-
tiple referenda, corresponding to multiple elec-
tions with binary issues.

Introduction

yingmsh@mail.tsinghua.edu.cn

propositions that win, when votes are aggregated sepwratel
for each proposition received the fewest votes when votes
are aggregated by combination: for instance, suppose there
are 3 proposition#, B, C and three voters voting respec-
tively for ABC, ABC and ABC. Propositionwise aggrega-
tion leads toABC, which ABC receives support for not a
single voter. The paradox studied in [10] is a little bit dif-
ferent. They show that voting issue by issue is feasible (to
some extent) when preferences are separable, and that it
generally fails when they are not (a voter’s preferences are
separable if her preferences on an issue does not depend on
the choice to be made for other issues). However, separa-
bility is an extremely strong assumption that is unlikely to
be metin practice. Furthermore, even when preferences are
separable, some paradoxes still arise, such as the choice of
a Pareto-dominated outcome [13, 2].

Example 1 A common decision has to be made about
whether or not to build a new swimming pool (SSjrand

a new tennis court (T_ol’). Assume that the preferences
of voters 1 and 2 are B~ ST > ST - ST, those of voters

3 and 4 areST >~ ST > ST > ST and those of voter 5 are
ST ST >~ ST~ ST.

The first problem with Example 1 is that voters 1 to 4 feel ill

at ease when asked to report their projected preference on
{S S} and{T,T}. Only voter 5 knows that whatever the
other voters’ preferences abo{8 S} (resp. {T,T}), she

can vote fotT (resp. S) without any risk of experiencing
regret (this is callegimple votingn [1]). The analysis of

In many contexts, a group of voters has to make a commothe paradox in [10] considers that voters report their pref-
decision on several possibly related issues, such as in muérences optimistically (thus voters 1-2 report a prefezenc
tiple referenda, or voting for committees (the issues therfor S overS), but this assumption, even if it has been jus-
are the positions to be filled — see [1]). As soon as votersified by experimental studies (see [14]), remains arbjfrar
have preferential dependencies between issues, it is-genemnd would not necessarily carry on to more complex situa-
ally a bad idea to decompose a vote problempassues tions such as a voter with the following preference relation
into a set ofp smaller problems, each one bearing on a sin-ABC > ABC > ABC - ABC - ABC~ ABC >~ ABC > ABC:

gle issue: “multiple election paradoxes” (or “paradoxes ofonly a very optimistic voter would report a preference for
multiple referenda”) then arise. A (except, of course, if some prior beliefs about the others’
quferences make him believe that the common decision

Such paradoxes have been studied in several papers, WLl 0 B andC will be BC)

two slightly different views. In [6, 15], voters can vote gnl
Y or N on each issue; the paradox occurs when the set ofhe second problem (the paradox itself) is that under this
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assumption that voters report optimistic preferences, theules that require, forinstance, teop candidates of each
outcome in Example 1 will b&T, which isthe worst out-  voter, whereK is a fixed integer. However, when the num-
come for all but one voterand a fortiori, is a Condorcet ber of issues grows, these rules could give extremely bad
loser. Lacy and Niou [10] and Benoit and Kornhauser [2]results. For instance, using plurality when the number of
give other examples, with three issues, leading to an eveissues is significant and the number of voters small could
worse paradox where the outcome is ranked last by everywell result in a situation where no outcome gets more than
one. one vote, in which case plurality would give an extremely

The main question is now, how can these paradoxes pHRO°" result.

avoided? Reformulating the question in a more construcSolution 3, sketched in [5], presents the chairperson with a
tive way, how should a vote on related issues be conductedry problematic choice. This may be feasible when issues
We argue that we have to choose one of the following twocan clearly be packaged into groups of issues such that two
ways, each of which has some specific pitfalls: either workgroups are clearly independent, but this favorable situati

at the global level and vote for combinations of values, oris far from being a general rule.

work at the local level and vote separately on each issuerhe “

sequentially or simultaneously local” way, supported by Lacy and Niou [10] for mul-

tiple referenda, consists in sticking to a vote issue bydssu
The “global way” consists in giving up decomposing the the outcome of the vote on one issue being revealed before
global vote into local votes andoting for combinations the vote on other issues. They show that sequential voting
of values This solution is supported by Brams et al. [5, (with whichever agenda) allows for escaping the worst ver-
6]. There is some ambiguity on how the process should beions of the multiple election paradoxes, namely, it avoids
conducted, thus leading to three possible methods: a Condorcet loser to be elected. However, this method still
has three major drawbacks. First, the voters may still feel
1. ask voters to report their entire preference relation orill at ease when reporting their preference on an issue, when
the set of alternatives, and then apply an usual votinghis preference depends on the value of issues not decided
rule such as Borda. yet. Second, the study is based on the assumption that vot-
2. ask voters to report only a small part of their prefer—erS Wi." behave optimistically, by reporting the projectio .
ence relation and apply a voting rule that needs thisOf their pre_fgrred outcome, Whlch IS debataple except n
information only, such as plurality: some specific cases. Third, even if a sequential vote avoids
the final outcome to be a Condorcet loser, the paradox re-
3. limit the number of possible combinations that votersmains to a Iarge extent, as can be seen on the following
may vote for. example:

. . . . Example 2 We have three issues A, B, C agbl + 1
From a theoretical point of view, Solution 1 works: eaChvotersp +

agent specifies his preference relatinrextensaand then M voters: AR = ABC - ... = ABC = ABC

any fixed voting rule is applied to the obtained profile, with \j voters: MBC>- ABC - ... = ABC- ABC

no risk of a paradoxical outcome. However, as noticed in 1 yoter:  ABC > ABC = ABC = ABC = ABC

[5], this solution is practically unfeasible if the numbédr o « ABC - ABC = ABC

issues is more than a small number (say, 3): the exponential

number of alternatives makes it unreasonable to ask votejs, Example 2, having voters decide first Anthen toB and

to rank all alternatives explicitly. In other words, imple- i,qn toC, and assuming they behave optimistically, will
menting such a voting rule on a multi-issue domain needg, 54 toABC, which is (a) a “nearly-Condorcet loser” (it
anexponential protocolClearly, exponentially long proto- js condorcet-dominated by all candidates except one) and
cols are not acceptable. Therefore, as soon as the numbgy) pareto-dominated by half of the outcomes. (More acute
of issues is not very small, this solution is ruled outloyn-  haradoxes can be found, but they need more issues and thus
munication complexitgonsiderations. more space.) Actually, the reason why the sequential pro-
Solution 2 requires little communication, but it is its only cess avoids a Condorcet loser to be elected is only because
merit. Voting rules that are implementable by a cheap prothelastvote is made with a full knowledge of the values of
tocol make use of a very small part of the voters’ prefer_other issues, thus this result loses his significance wheen th
ences: if the protocol is required to have a polynomial comNumber of issues becomes bigger.

munication complexity, then the voting rule it implements There is a well-known restriction on voter preferences that
use at most a logarithmic part of the profile. Such rules,|ioys for such paradoxes to be avoided, that is, when all
do exist: not only plurality and veto, but more generally all \oters haveseparablepreferences across the outcomes of
1in the context of assembly elections, these two families othe |s§u§s. Then, a voter's preferences on the values of an
Voting rules are called assemb|y_based and seat-basqﬂglcres ISsue IS Independent from the ValueS Of Other ISSUesS, and the
tively [1, 2]. elicitation process can be performed safely issue by issue
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(and even without needing to resort to sequentiality). Un2 Preferences on multi-issue domains
der the separability assumption, voting separately on each
issue (either sequentially or simultaneously) enjoys good.et 1 = {x1,...,Xp} be a set ofissues For eachx; € 1,

properties, including the election of a Condorcet winnersD; is the finite value domainof x;.

An issuex; is bi-

when there is one. However, the separability restriction imary if D; = {x,%}, or equivalently{1;,0;}. (Note the
very demanding, and unlikely to be met in practice, espedifference between the issxg and the valueq.) If X =
cially because separable preferences constitute a very tin{x;,,...,x;,} € 1, with i1 < ... <ip, then Dx denotes

proportion of possible preferences on multiple issues (se
[8).

The question is now, can this extreme separability assum

sequential voting? As it stands, the answer is positive, a
the method can be safely applied to far many profiles tha
separable profiles. Unformally, the condition should bé tha
each time a voter is asked to report his preferences on a si

p-
tion be relaxed without hampering the nice properties of

Bi, x ... xDj,. X =Dy x ... xDpis the set of allalter-
natives(or candidates Elements ofx are denoted by, X
etc. and represented by concatenating the values of the is-
ues: for instance, if = {x1,X2,X3}, X1X2X3 assignsxy
tso X1, X2 t0 X2 andxz to x3. We allow concatenations of
ectors of values: for instance, let= {x1,X2,X3,X4,Xs5},
= {X1,X2}, Z = {Xa,Xa}, ¥ = X1X2, Z = X3X4, theny.Zxz

Igl_enotes the alternativexX;Xzx4Xs.

gle issues or a small set of isssues, these preferences do #opreference relation x is a strict order (an irreflexive,

depend on the values of the issukat have not been de-
cided yet

Formally, this can be expressed as the following condition
there is a linear order = x1 > ... > Xp on the set of is-
sues such that for every voteand everyj, the preferences
of vonx; are preferentially independent froxq, 1,...,Xp
givenxg,...,Xj—1. If this property is satisfied, then a sim-
ple protocol can be implemented: the voters’ preference
about issue; are elicited; then a voting rule is applied so
as to make a decision on the valuexgf then this chosen
value ofxy is communicated to the voters, who then report
their preferences on the values@fgiven the fixed value of
x1, and so on. Such preference profiles are catleldgal
and abbreviated dsgalfor 0 = x; > ... > Xp in this pa-
per. This protocol generalizes to clusters of isdues., I,
where for each voter and eachl; is preferentially inde-
pendentofj,,...,Imgivenly,...,li—1, where{ly,... In}
forms a partition of the set of issues.

This domain restriction {-legality) and the resulting se-
quential voting rules and correspondences that are then a

asymmetric and transitive binary relation). lidear pref-
erence relatiol is acompletestrict order, i.e., for any
andy # X, eitherX > y or y = X holds. We generally note

X =y X instead ol (X,X).

Let{X,Y,Z} be a partition of the sat and> a linear pref-
erence relation over = D;. X is (conditionally) preferen-
tially independenbf Y givenZ (w.r.t. >) if and only if for
all X1,% € Dx, ¥1,¥2 € Dy, Z€ Dz,

R1.Y1.2 - oY1 Ziff Xy Y02 = Ro.Y0.2

Conditional preferential independence originates in ithe |
erature of multiattribute decision theory [9]. Unlike prob
abilistic independence, it is a directed notioX:may be
independent o¥ givenZ withoutY being independent of

X givenZ. Note that preferential independence is weaker
than utility independence.

Conditional preference network®r CP-nets are a lan-
guage for specifying preferences based on the notion of
gonditional preferential independence. They allow foc-eli

plicable are defined in Section 3. In Section 4 we studyiting preferences, and for storing them, as economically as
in detail the properties of these sequential composition byossible. Formally, £P-net2( [3] over a set of attributes
relating them to the corresponding properties of local vot{0r issuesy is a pair consisting of a directed graover

ing rules to those of its components. It turns out that

1 and a collection of conditional preference talfl#3T(x;)

while many properties expectedly transfer from local rulesfor eachx € 1. Appendix 1 gives some fairly detailed
to their sequential composition, this is not the case for twdoackground on CP-nets.

important properties, namely neutrality and consensus. I

Section 5 we focus on the particular casenuiltiple ref-
erenda obtained where all issues are binary. In Section
we briefly mention further issues. Because of space limit
proofs are omitted!

2They can be found in a longer version of the paper, at
http://www.irit.fr/recherches/RPDMP/persos/Jeromed/papers/mep-long.pdf
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et 0 =Xy > ... > Xp be a linear order om. We say that
> follows 0 = x1 > ... > xp if for all i < p, X is prefer-
ntially independent ofxi,1, ..., Xp} given{xs, ...,Xi_1}
with respect to-.

If = follows o then the projection of > on X;
given (xi,...,%i—1) € D1 x ... x Di_1, denoted by

D; defined by: for allx,x € Di, X; S XiXL=X X1 =X
X iff Xq... Xi—1XiXi41...Xp > X1...X—1XXi+1..Xp holds for all
(XiJrl, Cen ,Xp) S DiJrl X ... X Dp.

Due to the fact that follows o0 and that- is a linear or-



der, =Xik1=x.-%-1=%-1 is a well-defined linear order as preferxtoy (resp.y to x), andmaj(P) = {x,y} in case of
well. Note also that if- follows botho =x; > ... > X, tie.

! __ —
aNndo’ =Xo(1) > - > Xo(i-1) > Xi(=Xo(g) > - > Xo(p)  Gjvena profileP, x € x is aCondorcet winnefresp.weak

Condorcet winnerif it is preferred to any other candidate
coincide. In other words, the local preference relatiomion  py g strict (resp. non-strict) majority of voters: for g x,
depen_ds only on the values of the issues that prexeite #{i:x>-iy} >N (resp.> Y). A Condorcet-consistentile

0 andin 0. (resp. correspondence) is a voting rul@esp. correspon-
Let G be anacyclicdirected graph (DAG) on. A prefer-  denceC) such that whenever there exists a Condorcet win-

ence relation- is compatible with G denoted by-~ G,  herxfor the profileP thenr (P) = x (resp.C(P) = {x}).

if > follows some ordeo = x; > ... >Xp on I thatfol-  Tnhese definitions of voting rules are not concerned with
lows G, that is, such that for every edggi,x;j) in Gwe  how the votes are elicited from the voters. As in [7]
havei < j. For any two preference relations;, 2 and e distinguish between the voting rule andpeotocol
CP-neta’, we use the following notations-1~ 2( if  (which determines which relevant information is elicited,
~1 extendsa(; -1~ if there exists a CP-ne{(’ s.t.  ang when, from the voters) that implements it. The
=1~ A and - A5 1 2 i -1 A andi-o~ AC. geterministic communication complexity of a voting rule
Lastly, we say~1 and -, are G-equivalent, denoted by s the worst-case number of bits sent in the best protocol
~1~G>2, if and only if -1 and - are both compatible jyplementingr. See [7] for a communication complexity
with G and for anyx € V, for anyy,y’ € Dom(par(x)) we  study of various voting rules.

have >>1‘| par(x)zy:>)2<| PA)=Y " Note thats=1~g>2 if and
only if there exists a CP-ne{ whose associated graph is
G and such that-; and>; both extendy . We frequently
use the notatiok’ (for “ vote”) instead ofs-.

From now on, we assume that the set of candidates is a
multi-issue domainy = D1 x ... x Dp.  Sequential vot-

ing consists in applying “local” voting rules or correspon-
Example 3 Let 1 = {x,y,z}, all three being binary. and dences on single issues, one after the other, in such an order

letV and V be the following votes: that the local vote on a given issue can be performed only
o when the local votes on all its parents in the gr&have
V/ :.xyz> XYZ 7 Xy2 7= XyZ o= XYZ 7= XYz o= Xyze= Xyz been performed. Note that, unlike in [5, 6, 10], we do not
VI XYZim XYZ = XYZ = XYZ = XYZi= XYZ = XYZi~ XyZ assume that issues are binary. We now define our crucial

Let G be the graph overr whose set of edges is domain restriction:

{(%,2),(y,2)}. V and V are both compatible with G. Definition 1 Given a linear ordero = x3 > ... > Xp on
Moreover, V~g V', since all local preference relations co- 1, We define Legdb) as the set of all profiles P
incide: x> Xand x>{‘,, e Z>€X=X,y=y2and Z}\Z/\,><=><,y=yz—. (V1,...,Vn) such that eachMollows 0.
etc. The CP-net that V and'\both extend is defined by
the following preferences tables:>xx; y > y; xy: z> z;

XY:Z>Z;XY:Z=Z,Xy:Z> Z.

We might wonder how strong this restriction is. First of all,

note that it is much less demanding than separability. Sec-

ond, it can be generalized by partitioning the set of issues

into subsetdy, ..., lq such that; is preferentially indepen-

3 Sequential voting rules and dent ofli;1U...Ulq givenlyU...Uli_;. Obviously, all
correspondences profiles are of this form, the worst case bemg 13. How-

ever, we can assume without loss of generality (and we will

We start by recalling briefly some necessary backgroundo so in the remainder of the paper) that each cluster consist
on voting rules and correspondences (for more details se@f a single issue (if this were not the case from the begin-
for instance [4]). Leta = {1,...,N} be a finite set ofot- ning, then each clustércan be considered as a new single
ersand x a finite set ofcandidates A profile w.r.t. 2  issue, with domaim;, = y,¢, Dj.)

and.x is a collection ofN individual linear preference re- Definition 2 Let 0 = x; > ... > xp be a linear order
lations overx: P = (Vi,..,W). LetP; be the setof ony, and(ry,...,rp) a collection of deterministic voting
all preference profiles forn and.x. A voting correspon- rules (one for each issug). Thesequential voting rule
dence C P, x — 2" \ {0} maps each preference profle  Seqr,...,rp) is defined on all profiles following as fol-

of P; x into a nonempty subs€l(P) of x. A voting rule  lows: for any P= (Vy,...,Wy) in Legal(0):

r: Pz x — x maps each preference profiteof P, x into — _

asingle Candidate(P). The correspondence that elects the The sma}ller'the size of the subsets, the cheaper the protocol
candidates that are ranked first by the largest number d e communication cost of the protocol for computing a satjak

. - le using such decomposition into clustersgis ; [x;ey, [Djl-
voters is theplurality correspondence. When there are only 1, protocol is guaranteed to remain cheap (that is, polyaipif

two candidategx,y}, themajority correspondenceajis  there exists a constakt (independent from the number of issues
defined bymaj(P) = {x} (resp. {y} if more voters inP  and voters) such thal;| < K for every clustet;.
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o X =r1(V)% . W) Sedrs,...,rp)(P'). (A similar result holds for correspon-
N— Xolx=x] dences.) This implies that applying sequential voting to
o x5 =ra(Vp 2L VT, two profiles corresponding to the same collection of CP-

R nets will give the same result.

We may now wonder whether a Condorcet winner (CW),

Xp|X1=X], - Xp-1=X)_1 Xp|X1=X7,- Xp-1=X5_q _ '
o Xp=rp(Vq W ") when there exists one, can be computed sequentially. Se-
guential Condorcet winners (SCW) are defined similarly as
Then Sefra,...,rp)(P) = (X,...,Xp). for sequential winners for a given rule: the SCW is the se-

Example 4 Let N= 12, 1 = {x,y} with Dy = {x,Xx} and  quential combination of “local” Condorcet winners.
Dy = {y,y}, and P= (V4,..., V1) the following 12-voter  Definition 3 Leto =x; > ... > xp be a linear order orv,
profile: and Pe Legal(0). (X;,...,X;) is a sequential Condorcet

Vi VoV Va: XY= XY= Xy X winnerfor P if and only if

Vs, Ve, V7 : XY = XY= XY= Xy , e X N.

Ve,Vo,Vio:  Xy'= Xy = Xy- Xy * P €D~ ) > 3

V1o, Vi1 Xy > Xy = Xy > Xy efor every k > 1 and VX € Dy,
#i xR ey S

All these linear preference relations follow the order y.
Hence, Pe Legal(x > ). Clearly, the existence of a SCW is no more guaranteed than

K dr both ltoth . | h ith that of a CW, and there cannot be more than one SCW. We

Ta_e handly ot equa tot e_majt_)rlty rute, toge_t erwith have the following positive result in [11] (Proposition 3):

a tie-breaking mechanism which, in case of a tie betweeri1f (X2, %5 x:) is a Condorcet winner foP, then it is a
17259 p ’

X a.”dx. (res]lol.:) betv_veen ya @(’j elfe;:ts X (r?sp. V Ehef sequential Condorcet winner fBt (Note that the converse
BrOJectlpn of ™ 0K IS composed o yotes orxan Stor fails). An important corollary of this result is the follongj:

X, that is, B is equal to x- x for 1 <i <7 and tox > x ) )
for 8 < i < 12. Therefore X = rx(P},...,P%,) = x: thex- Theorem 3.1 If every § is Condorcet-consistent then

winner is ¥ = x. Now, the projection of P opgivenx —x  >€dr1,---,rp) is Condorcet-consistent.

:nzomgosseeqduELEa\Il?:/?:nfgrr ?;ig%VSOfgtr;?:ergf%;e Elo;w%}nin Therefore, the o.utput of a sequentigl voting rulelwiII be
thex-winner and the conditionah-winner giverx — x* — %he Condorcet winner when there exists one,_prowd_ed t_hat
each local rule; is Condorcet-consistent. This applies in
X, namely Se@y, ry)(P) =Xxy. particular to sequential majority on domains composed of
binary issues, which was already known in the particular
case when all voters have separable preferences (see [10]).
This allows us to claim thahe restriction to legal profiles
(with respect to some order) allows for escaping multiple
election paradoxesat least the version of the paradox that
deals with Condorcet winners failing to be elected. For the
It is important to remark that, in order to compute version of the paradox concerned with electing a Condorcet
Seqri,...,rp)(P), we do not need to know the linear pref- loser, a sequential voting rule will not elect a Condorcet
erence relations ¥ ..., W entirely. everything we need loser, provided that each of its local rules never elects a
is the local preference relations: for instance, i {x,y} Concorcet loser:
andG contains the only edgg,y), then we need first the Theorem 3.2 If there exists K p s.t. § never elects a Con-
unconditional linear preference relationsxoand then the  dorcet loser, then Sér, .. .,Tp) never elects a Condorcet
linear preference relations gnconditioned by the value |oser.
of x. In other words, if we know the conditional pref-
erence tables (for all voters) associated with the gi@ph For sequential majority on multiple referenda, we have a
thenwe have enough information to determine the sequenslightly more significant result:
tial winner for this profile even though some of the pref- Theorem 3.3 Let c,... ,Cp all equal to the majority cor-
erence relations induced from these tables are incompletgespondence on binary domains. For anylegal profile
This is expressed more formally by the following fact (seep and anyd € Sedcy, .. .,cp)(P), there exist p outcomes

Observation 4 in [11]): let = {x1,...,Xp}, Gan acyclic g g e x suchthatd weakly Condorcet-dominagefor
graph overs, and P = (V1,....W), P' = (V[,....\{\)  alli <p.

two complete preference profiles such that for ia#

1,...,N we haveV; ~¢ V/. Then, for any collection of lo- This boundp is actually tight, see the next example for
cal voting rules(ry,...,rp), we haveSedqry,...,rp)(P) = p = 3; it can be generalized o> 3.

In addition to sequential rules, we defisequential cor-
respondencem a similar way: if for each, ¢ is a cor-
respondence o, thenSedqcy,...,cp)(P) is the set of
all (xa,...,%p) s.t. xa € ca(P},...,PY), and for alli > 2,
X EC (PiXi|X1:X17-~7Xi71:Xi71 PXi\X1:X17~-,Xi71:Xi71)'

ye N
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Example 3.4 Consider three votes neutrality and monotonicity. Indeed, the usual definitibn o
neutrality (and similarly for efficiency) is not directly ap

V11011213 > 011203 - 010203 >~ 010213 plicable to sequential voting rules, because permuting two
= 111513 = 1,013 = 1;1,03 = 1,0,03; alternatives in a-legal profile may result in a profile that
Vo 1150513 > 1;0,05 = 010,03 > 0,053 is not 0-legal. Therefore, the definition that we take is a

) straightforward generalization of s-neutrality as defimed
= lalols - Oa12ls > 111205 - 01120s; [2]: a sequential voting rul&edqry,...,rp) on Legal(o)
V31111503 > 130203 > 010203 = 011203 is neutrat if for any permutatiorM and anyo-legal pro-
= 171513 > 13013 > 010213 > 011513. file P, if M(P) is o-legal, thenM(Sedry,...,rp)(P)) =
Seqry,...,rp)(M(P)). Things are similar for monotonicity
of sequential voting rules (and we omit the definition).

Let P= (V1,V2,V3), then the sequential majority elects Theorem 4.1 If Seqfry,...,rp) satisfies anonymity (resp.
111213 from P, which only weak Condorcet-dominateshomogeneity, neutrality, consistency, participationn-co

three candidates 10,13, 111203, and0; 1513. sensus), then for any< i < p, r; also satisfies anonymity
(resp. homogeneity, neutrality, consistency, partiggoat
4 Properties of sequential voting rules consensus).

We start be recalling a few important properties that votingMonotonicity transfers to the last local rule only. This
rules may (or may not) satisfy. A voting rule satisfies seemingly strange results is mainly caused by our restric-
tion to legal profiles.

e anonymity if it is unsensitive to any permutation of Theorem 4.2 If Seqry,...,rp) satisfies monotonicity, then

the voters; rp also satisfies monotonicity.
e homogeneityif for any voteV and anyn€ N, r(V) = Since the way to obtain a new legal profi# from P by
r(nv). just raising one candidate can only affect the conditional

orders orDp, we consider now a stronger monotonicity by

* neutrality if for any profileP and any permutatiok allowing multiple candidates to be raised simultaneously.

on candidates,(M(P)) = M(r(P)).
Definition 4.3 A voting rule r isstrongly monotonicif for

e monotonicity if for any profilesP = (V1,...,Vw) and  any profile P, any YC x, and any P obtained from P by
P = (V{,...,\{) s.t. eachV/ is obtained fronV; by  only raising the candidatesin Y while keeping their relativ
raising onlyr (P), we haver (P') = r(P). position unchanged, we havé®) e r(P)UY .

° cpnsistencyif fqr_a_ny two disjoint profiles (that is, Let Y — {r(P)}, we immediately know ifr is strongly
given, by two disjoint electorate®), P> s.t. 1(P1) = yonot0nic, then it is also monotonic. The next theorem
r(P2), thenr (PLUP,) =r(Py) =r(P2). shows that strong monotonicity can be transfers to every

e participation if for any profile P and any votev, local rule (note that the definition of strong monotonicity
r(PU{V}) >y r(P). for sequential rules is conditioned by the profile obtained

after permutation i®-legal, exactly as for monotonicity.

e consensus(or efficiency) if for any profile P =
(V1,...,Wn), there is no candidate s.t. ¢ >y, r(P)
foralli <N.

Theorem 4.4 If Seqry,...,rp) satisfies strong monotonic-
ity, then for anyl <i < p, r; also satisfies strong mono-
tonicity.

Since sequential voting rules are sequential composition o
multiple local rules, we may wonder whether the properties

of local rules carry on to their sequential composition, andrpen e give results on whether the sequential composition

vice versa. In this paper, we focus on the above propertiegy |oca| rules inherit a given property satisfied by all local
We only give results on voting rules, but most of the them, ;a5 Here are the positive results:

can be easily extended to correspondences.

.2 From local rules to sequential rules

Theorem 4.51f for all 1 <i < p, r; satisfies anonymity
(resp. homogeneity, consistency, strong monotoniditgh t
Seqry,...,rp) also satisfies anonymity (resp. homogeneity,

Notice that decomposable voting rules are defined over [e€ONSIStency, strong monotonicity).

gal profiles, therefore, when we say a decomposable vot- 4We choose to call this property of sequential voting rules-

ing rule satisfies a property involving several profiles, ittrality rather thars-neutrality it is not ambiguous, provided that
means that it holds for alegal profiles. This applies to o is fixed.

4.1 From sequential rules to local rules
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The next theorem shows that the converse of Theorem 4.8 “reasonable” to some extent to be defined, then each
also holds. should be the majority rule. We give below a character-
Theorem4.61f r, satisfies monotonicity,  then ization of sequential majority that generalizes May’s the-
Seqry,...,rp) also satisfies monotonicity. orem [12] to multi-issue domains. It is more natural to
consider the sequential composition of majority rules as a
On the other hand, three important properties cannot beorrespondence, name8edc, ..., cp), where eaclt; is
lifted from local rules to their sequential compositionune  the majority correspondence for two candidates. Notice if
trality, consensus, and participation. In the case of conthe number of voters is odd, then sequential majority out-
sensus, this was remarked by several authors in the mogguts a single winner, which obviously is not necessarily
specific case of multiple referenda with separable preferthe case where the number of voters is even: for instance,
ences: in [13] it is proven that if there are at least thredet us consider 2 voters, with respective preference orders
binary issues (or two binary issues and an even number ofy - xy = Xy~ Xy andxy = Xy = Xy = Xy. The profileis legal
voters) then the parallel composition of the majority rsle i for x >y, and the outcome of sequential majority consists
not efficient (although the majority rule is, of course, effi- here of the set of three alternativpsy, xy, Xy} .
cient). We first give the following result, about neutrality

and consensus. Part of it is a corollary of Theorems 1 an!i:IrSt we ”?a"? an qbservaﬂon on the neutralllty of each
2in [2]. ¢i. Our aim is to find a necessary and sufficient con-

) dition for eachc; to be neutral, based on some obser-
Theorem4.7 Letry,....rp, p> 2 be plurality rules and /445 onSedc,...,Cp). Recall that in Theorem 4.1
|Di| > 2foralli < p. Ifthere exists K p s.t.|Dj| > 2, then

: ) it has been proved that edcy,...,cp) is neutral then
Sedra,...,rp) does not satisfy neutrality, nor consensus. . is neytral. But this is not a necessary condition (and

ge will prove that if p > 3 then the sequential majority

IS not neutral, see Theorem 5.8). Fortunately, for multi-
ple referenda, we can find a suitable condition. Denote
Mg the permutation orx that exchange¢ds,...,dp) to
(di,...,dp), for exampleMg(011203) = 1;0,13. We say
thatSedcs, ..., cp) isinsensitive to M if for any legal pro-

file P, Mr(Sedcz,...,cp)(P)) = Seqcy,...,Cp)(MR(P)).

The next theorem says that a decomposable voting corre-
spondence is insensitive My iff its local correspondences
are neutral.

Theorem 5.1 ¢; is neutral for all i < p if and only if
Seqcy,...,Cp) is insensitive to M.

The next example shows that participation cannot be lifte
from local rules to their sequential composition.

Example 4.8 Let A1, A2 be two CP-nets 0/01,11,21} x
{02,1,} s.t. inAG

0, = 1; = 21,01:0 = 1,,1,: 1, = 02,21:15 = 0o,

in A2, X1 and xp are independent, and; =i 21 7o
01,02 >_N2 1.

Clearly a2 [~ 111, - 0107, therefore, there exists a vote V
consistent wit, and010, >y, 111>, for example
Vo : 2100 = 2115 = 1,00 = 0102 = 1115 = 011>

Let r; be the scoring rule with score vect8,2,0), r, be
the plurality rule. Obviously bothstr, satisfy participa-
tion. We consider a profile - (V1,V3) s.t. M and \4
are consistent witm(z. Then Sefy1,r2)(P) = 0,0, and
Sedry,r2)(PU{\V2}) = 111. But010; >v, 111>. Hence
Sedri,rz) does not satisfy participation.

The next theorem characterizes sequential composition of
majority correspondences.

Theorem 5.2

1. Onthe domain of all profiles that consists of odd num-
ber of votes, a decomposable voting correspondence
Seqcy,...,Cp) is the sequential majority correspon-
denceifand only if S€q, .. . ,cp) satisfies anonymity,

The following table summarizes the results of this Section.

5 Multiple referenda

Criteria Global to local| Local to global - S -
. strong monotonicity, and is insensitive tggM
Anonymity Y Y
Homogeneity Y Y 2. A decomposable correspondence-Gedcy,...,Cp)
Neutrality Y N is the sequential majority correspondence if and only
Monotonicity Onlyr, Onlyrp if it satisfies anonymity, strong monotonicity, con-
Consistency Y Y sistency, and insensitivity to ¢M and if whenever
Participation Y N |C(P)| > 2 for some profile P, thetP| is even.
Consensus Y N
Strong monotonicity Y Y Remark that the sets of properties in 1. and 2. are minimal

(forinstance, in 1., all three properties are required)sd®
the property set in 2. is minimal, we present examples for
removing each condition. Anonymity is obvious.

In this section, we focus on the case where all issues are For strong monotonicity, let eaah be the correspon-
binary (i.e., multiple referenda). Clearly,$fedry,...,rp)
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tral, soC satisfies consistency by Theorem 4Gjs in-  Corollary 5.6 Scoring rules, Bucklin, Maximin, Copeland
sensitive toMg by Theorem 5.1. Clearly whel®| is odd,  and Ranked pairs are not decomposable over combinato-
|C(P)| = 1. SoC satisfies the other four conditions, and rial domains other than p= 2 and|D;| = |D2| = 2.

is not the sequential composition of majority correspon-

Il .7 If p>3,thenth ial iti f
dences. Corollary 5 p > 3, then the sequential composition o

plurality on p binary domains does not satisfy neutrality,
—For consistency, let; be majority correspondence|i?| nor consensus.
is odd, otherwise it is trivial (always outpul%). Since
majority and trivial correspondence are both neutral andrhis corollary together with Theorem 4.7 and Theorem 5.3
strong monotonic, we kno@ satisfies strong monotonic- tells us that the only neutral sequential plurality rulehis t
ity and is insensitive tdr by Theorem 4.5. Notice when one ona 2 2 domain.
|P|is odd,C is the sequential composition of majority cor- Thegrem 5.8 A sequential composition of plurality rule is
respondence, we kno@ satisfies the four properties other o tral iff p=2and|Dy| = |Dy| = 2.
than consistency.

—For insensitiveness tdg, we simply letc; (P) = 0; for all We can.al'so prove that fr> E3,.If a decomposable vot.mg

P, it is easy to check satisfies other four properties. rule satisfies neutrality, then it is not Condorcet-comsist
Notice that since a Condorcet-consistent rule does not nec-

—For|C(P)| = 2= |P| is odd, we consider the trivial cor- essarily satisfy consensus, this result is not a corolléry o

respondenc€(P) = x for all P. By simple calculationwe  Theorem 5.4 or Theorem 5.5. Since this paper mainly dis-

know all the other four properties holds. cusses multiple referenda, we do not give this result for-
So the property setin 2. is minimal. Similar examples shownally.
the property setin 1. is also minimal. Remember that in Theorem 5.5, eaghsatisfying con-

Recall that Theorem 4.7 says that if so[bg| > 2, thenthe ~ SENSUs is required for the dictatorship. We may wonder
sequential composition of local rules satisfying neutyali What we can learn if we assume only the neutrality of
(resp. consensus) might not satisfy neutrality (resp. conS€dr,--.,rp). The next theorem says that for multiple

sensus). We may wonder how aboutlf| = 2 for alli. ~ "éferenda, if a voting rule satisfies decomposability and
Notice first that plurality and majority coincides on binary neutrality, then the winner of a profile, or its complement,

domains. We observe that when= 2, sequential majority Should be ranked first by atleast one of the voters. Here the
is neutral. complemenk = (dg,...,dp) of x=(dy,...,dp) means that

d; #d;j for all j < p. Notice that we are talking about mul-

Theorem 5.3 Let ¢, ¢, be equal to the majority corre- 0 yeterenda whertD;| = 2, Xis uniquely determined.

spondence on binary domains. Then @eg») is a neutral
correspondence. Theorem 5.9 If a sequential voting rule Sér,...,rp) on

a domain consisting of binary issues satisfies neutrality,
Then we are interested m> 2. In [2], two theorems were then for any preference profile £ {Vi,..., Wy} following
provided to characterize the neutrality and consensus (i.&,X=Sedry,...,rp)(P) or X must be top ranked in at least
Pareto optimality) of voting rules over separable profiles. one of{Vi,...,W}.

Theorem 5.4 (Theorem 1 in [2]) Over separable profiles,

if at least one of the following two conditions holds We end this section with some considerations on manipu-
lability. We know that the majority rule for 2 candidates

1. [p>3|and|D;| > 2foralli < p, or is not manipulable. What about sequential majority? We
- - - know from [10] that if all voters have separable prefer-

2. p=2,|D1] > 2,|D2| > 2, and|D1| > 3 0r |D2| > 3. ences, then sequential majority is non-manipulable. Does

this extend to legal profiles in which some voters have non-
then the only sequential voting rule satisfying consensus iseparable preferences? Unfortunately, it does not:

the dictatorship, Theorem 5.10 Sequential majority is manipulable.
Theorem 5.5 (Theorem 2 in [2]) Suppose g 2, |Di| > 2
and r; satisfies consensus for alki p, if Seqry,...,rp) is This is easily seen on this counterexample with th binary
neutral over the set of all separable profiles, then it must bdéssues< andy: voter 1 has the preference relatioy- xy -
a dictatorship. Xy = Xy, voter 2 haxy = xy = Xy = xy and voter 3 hagy -

Xy = Xy > Xy. The profile is inLegal(x >y). If 1 knows
It is easy to check that if we extend the domain of the ruleghe preferences of 2 and 3 then he has no interest to vote
to all 0-legal profiles, the theorems still hold. This obser- sincerely on issug, even though his preference relation is
vation sheds some light on decomposable voting rules saseparableif he votes sincerely, then he voteand then the
isfying neutrality or consensus, as the following coraflar outcome isxy. If he votes forxinstead, then the outcome
show. is Xy, which is better to him.

286



As a corollary of this result, strategyproofness does noReferences

transfer from the local level to the global level.

6 Discussion

We have shown that the sequential composition of local [2]
voting rules allows for escaping usual multiple election
paradoxes, under a domain restriction much weaker than3]
separability. Moreover, these sequential rules have gxhea
communication complexity. We have established many re-
sults concerning the transfer (or the failure of transfér) o
important properties from local rules to/from their sequen [4]

tial composition.

Interestingly, our work has benefited from several previ-
ous streams of work that were almost unrelated: on the
one hand, social choice, and on the other hand, conditional

preferential independence, initially developed in theriit

ature of multiattribute decision making and now widely [
used in artificial intelligence (with CP-nets). The initial
motivation of our work was also inspired by the notion of
cheap protocol, as defined in the literature on communica-[7]

tion complexity.

An important aspect of multiple election paradoxes that

would deserve more attention is the role lafowledge

What makes our protocols interesting is the conjunction of
two properties: they areheap(in terms of communication
complexity) andepistemically safeour domain restriction
ensures that each time an elicitation query is asked to the
voters, the voterknowthe answer, that is, they have all the [10]
necessary information needed to give the answer. Multi-
ple election paradoxes, where voters experience regret
ter voting for a given issue when learning the outcome o
other issues, is to a large extent due to the fact that voters
are asked to cast a vote about a given issue whereas they
don’tknowtheir true preference, the latter depending on the[12
value of some other issues. This, of course, is guaranteed
with separability, but this assumption is far too demanding
We believe that our restriction to legal profiles constisiae
reasonable sufficient condition for the existence of a chea

and epistemically safe protocol. However it is matces-

sary, because we may consider sequential rules where the
order in which the issues are considered depends on tHe
value of some previously decided issue; these rules would
work for a more general class of profiles. Looking for a
sufficient and necessary condition is left for further study [15]
as well as a formalization of epistemically safe protocols

within epistemic logic.

Acknowledgements

This work was partly supported by the National Founda-
tion of Natural Sciences of China (Grant No: 60621062,
60496321), and by the French ANR project “PHAC” (Pref-
erence Handling and Aggregation over Combinatorial Do-

mains).

287

[1] J.-P.Benoit and L.A. Kornhauser. Voting simply in theel

tion of assemblies. Technical Report 91-32, C.V. Starr Cen-
ter for Applied Economics, 1991.

J.-P. Benoit and L.A. Kornhauser. Only a dictatorship is
efficient or neutral. Technical report, 2006.

C. Boutilier, R. Brafman, C. Domshlak, H. Hoos, and
D. Poole. CP-nets: a tool for representing and reasoning
with conditionalceteris paribusstatementsJournal of Ar-
tificial Intelligence Researct21:135-191, 2004.

S. Brams and P. Fishburn. Voting procedures. In K. Ar-
row, A. Sen, and K. Suzumura, editok$andbook of Social
Choice and Welfarechapter 4. Elsevier, 2004.

S. Brams, D. Kilgour, and W. Zwicker. Voting on referenda
the separability problem and possible solutioidectoral
Studies 16(3):359-377, 1997.

6] S.Brams, D. Kilgour, and W. Zwicker. The paradox of mul-

tiple elections.Social Choice and Welfayd 5(2):211-236,
1998.

V. Conitzer and T. Sandholm. Communication complexity
of common voting rules. IProceedings of the 6th ACM
Conference on Electronic Commerce (EC-Gf&ges 78-87,
2005.

[8] J.Hodge.Separable preference orde®hD thesis, Western

Michigan University, 2002.

] R.Keeney and H. RaiffaDecision with Multiple Objectives:

Preferences and Value Tradeofi&/iley and Sons, 1976.

D. Lacy and E. Niou. A problem with referenddournal of
Theoretical Politics12(1):5-31, 2000.

J. Lang. Voting and aggregation on combinatorial dormsai
with structured preferences. Rroceedings of the Twenthi-
eth Joint International Conference on Atrtificial Intelligee
(I3CAI'07), 2007.

] K. May. A set of independent necessary and sufficient

conditions for simple majority decisionsEconometrica
20:680-684, 1952.

I. Ozkal-Sanver and R. Sanver. Ensuring Pareto-optimality
by referendum votingSocial Choice and Welfay@7:211—
219, 2006.

4] C. Plott and M. Levine. A model of agenda influence

on committee decisionsThe American Economic Review
68(1):146-160, 1978.

M. Scarsini. A strong paradox of multiple electiorocial
Choice and Welfargl5(2):237—-238, 1998.



Appendix 1: conditional preference networks
(CP-nets)

Let 7 ba a finite set of variables, and for eaghe 1, let D; be a
finite value domain. Lex = [y, D;.

A CP-net overr is a pairal = (G,CPT), whereG is a directed
graph overr andCPT is a set of conditional preference tables
{CPT(x;) : xj € 1}. Each conditional preference tatl#T(x;)
associates a total ordeﬂu over Dj, with each instantiationi of
Xj’s parentsPar(x;) = U, wherePar(x;) denote the parents af

in G.

For instance, let = {x,y,z}, all three being binary, and assume
that preference of a given agent ovel 2an be defined by

a CP-net whose structural part is the directed acyclic graph

G ={(xy),(¥,2),(x,2)}; this means that the agent’s preference
over the values of is unconditional, preference over the values
of y (resp. 2) is fully determined given the value af (resp. the
values ofx andy).

Example 5 Let N= 12, 1 = {x,y} with Dom(x) = {x,x} and
Dom(y) = {y,y}, and P= (Vy,...,V12) the following 12-voter
profile:

V1,Vo,V3, Vg i Xy = Xy = Xy = Xy
Vs, Vg, V7: XY = XY = XY = Xy
Vs, Vg, Vio: XY = XY = XY = Xy
V11,V12! Xy = Xy = Xy > Xy

All these linear preference relations are compatible witte t
graph G over{x,y} whose single edge i&,y); equivalently,
they follow the ordex > y: for all voters, the preference axis
unconditional and the preference gnmay depend on the value
of x.

The corresponding conditional preference tables are:

voters 1,2,3,4 voters 5,6,7 voters 8,9,10 voters 11,12

X = X X=X X=X X = X
X:y=y X:y=y XY=y X:y=Yy
X y=y X:y>=y X:y=y X:y=y

The conditional preference statements contained in tresdest
are written with the following usual notation: for instande a

CP-neta, x1%5 : X3 = X3 means that whemr; is true andx; is

false thenxg = x3 is preferred tag = X3 ceteris paribusthat is,
for any fixed values of the other variables .. ., Xp.

Formally in CP-net\(, for anyx; € 1, the conditional indepen-
dence in CP-net leads to the following preference relati@es-
fine first

=Xi= {U2X -y U2y:X -y, 2€ Dj}.

[1

xj¢Par(x;)

Write =" = J,, =% the union of all relations-% encoded in
CPT(xi). Notice we require-,. be a linear order, so-, is
transitive. Therefore the full preferential informationceded in
AC is thetransitive closureof =, namely>N =%, Ithas been
proved [3] that ifG is acyclic, then- . is consistent, namely for
anyx,y, at most one ok -, ¥ andy -, X holds.
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In the paper we make the classical assumption @t acyclic.

A CP-neta( induces a preference ranking an a( =X > V iff
X4 Y. Notice for anyX =y, X andy differs only in one issue,
andz -, Wis obtained through a transitive sequence of relations

25N %, % =N K, Kl =N K X =N W Soal =X -

y is thus equivalent to: There is a sequence of improving flips
from y to X, where an improving flip is the flip of a single issxie
“respecting” the preference tab@PT(x;) (see [3]). Note that
the preference relation induced from a CP-net is generalty n
complete, as seen on the following example.

X Y
S >i:)i>)7 X\/yZZ>_—Z_
X:y=y —(xXVy):z=2

Figure 1: A CP-net.

Example 6 Consider the example depicted in Figure 1.
XYZ= XyZ XYZ'= XYZ, XYZ=XyZ, XYZ'~ XyZ

=Y XYZ- XYZ, XYZ = XyZ, XyZ>- XYyZ XYZ > XYZ

=% XYyZ- XYZ, XyZ> XyZ, XYz Xyz, Xyz- Xyz, illustrated as

=X

Now, -, is the transitive closure of* U - U -7, illustrated by
the following diagram:
Xyz
xyz < > X7 — T — X2 KY2— XYZ

Xyz

To see how to generate xyzxyz, we consider a three-step in-
creasing flip: in the first stepx is flipped according to ¥ x, thus
xyz is obtained; then in the second stepis flipped according
to Xy : z> z, thus leads toyg; finallyy is flipped according to
X:y >y, reaching xyz.

An important property of such sequential voting rules anaeso
spondences is that the outcome does not depenal, gmovided
that G follows 0. This can be expressed formally:

Observation 1 Leto = (xg > ... >Xp) ando’ = (Xg(1) > ... >
Xg(p)) be two linear orders on V such that G follows bathand
o’. Then

Sedry,...,rp)(P) = Seqro(l),...,ro(m)(P)
and similarly for voting correspondences.

Example 7 Everything is as in Example 5, except that we don’t
know the voters’ complete preference relations, but oréyr ttor-
responding conditional preference tables. These cornditipref-
erences contain strictly less information than P, becausaes
of the preference relations they induce are not completeirfo
stance, the induced preference relation for the first 4 wier
Xy = Xy > Xy, Xy> Xy = Xy, with ¥y andXy being incomparable.
However, we have enough information to determine the se¢iglien
winner for this profile, even though some of the preferentz re
tions are incomplete. For instance, taking again the mayomile

for ry and ry, the sequential winner is xy for any complete profile
P' = (V{,...,V],) extending the incomplete preference relations
induced by the 12 conditional preference tables above.





