Knowledge and the Logic of Local Propositions
(Extended abstract)
Kai Engelhardt
Ron van der Meyden

Yoram Moses

Computing Sciences,
University of Technology, Sydney,
PO Box 123, Broadway NSW 2007
Australia
{ke,ron} @socs.uts.edu.au

9 Alexander Yanal
Tel Aviv 62382
Israel
yoram@cs.weizmann.ac.il

Abstract

An agent's limited view of the state of a distributed system may render globally different
situations indistinguishable. A proposition is local for this agent whenever his view suffices
to decide this proposition. Motivated by a framework for the development of distributed
programs from knowledge-based specifications, we introduce a modal logic of local propositions, in which it is possible to quantify over such propositions. We show that this logic
is able to represent a rich set of epistemic notions. Under the usual strong semantics, this
logic is not recursively axiomatizable, however. We show that by weakening the semantics
of quantification, it is possible to obtain a logic that is axiomatizable and is still able to
express interesting epistemic notions.
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Introduction

Formal approaches to modelling knowledge have received considerable attention in the second
half of the Twentieth century. In the philosophical literature, numerous models and axiomatizations were suggested and attacked, mainly in the 1960's and 1970's [vW51, Hin62, Get63, LenT8].
The modal logic $5, widely accepted as an appropriate characterization of necessity, has been
attacked in many ways and is no longer considered by philosophers to be a good candidate for
capturing knowledge. Since the 1970's formal treatments of knowledge and belief have been
pursued in other fields. In economics [Aum76] and in the study of distributed computing systems [HM90, FHMV95], explicit concrete definitions for knowledge have been given and used in
a variety of applications. Interestingly, the definitions in both cases are essentially equivalent,
and define a notion of knowledge that satisfies $5.
Very roughly, the essence of the definition used in economics and distributed systems can
be described as follows. In every world, each agent is associated with a local state, a specific
piece of information that completely determines the agent's knowledge: In world w, the world v
is possible for agent i exactly if i has the same local state in both. The underlying structure
immediately yields for each agent an equivalence relation (or partition) over the set of all worlds,
and the properties of $5 follow. The properties of $5 are not the goal of the definition in this
case, however. Rather, the definition is independently motivated, and a notion satisfying $5 is
the outcome.
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Clearly, some of the properties of $5 are as objectionable in economics or distributed systems
as they are for philosophers. The success of the information-based $5 definition has been mainly
in applications where the problematic aspects of $5 play a negligible role. This is the case, for
example, in a communication protocol where a process receiving an acknowledgement knows
that the original message it sent has been received [HZ92]. I n applications where computing
relevant information is very complex, the assumption that knowledge is closed under deduction
is clearly unreasonable. This happens in cryptographic protocols [DH76], whose correctness
depends crucially on the inability of agents to compute their knowledge within reasonable time
bounds.
For knowledge of facts concerning "nature" or the global state of the system, the $5 interpretation can be thought of as capturing the knowledge of an idealized agent. However, once we
accept t h a t agents can apply only bounded reasoning abilities, this interpretation is no longer
convincing for nested knowledge statements, such as "Alice knows that Bob knows p." In a
case in which p follows from Bob's information but Bob has not been able to detect this fact,
it is problematic to consider even a very competent Alice as "knowing" that Bob knows p.
Our goal in this paper is to consider frameworks that facilitate the use of epistemic notions
that are weaker than $5 knowledge, while retaining its information theoretic basis. We are
interested in semantic notions that will satisfy the so-called Knowledge Axiom:
K i p --4 ~p,
without committing us to unreasonable additional properties. Specifically, we introduce and
study a logic of local propositions, in which it is possible to quantify over propositions and over
local propositions, and where there is an operator [] standing for truth in all worlds of a Kripke
structure. Two variants are considered. With the standard semantics for the quantifiers, the
traditional $5 notions of knowledge are expressible, and weaker notions of knowledge can be
treated as well. The resulting logic is not even recursively axiomatizable, however. We next
consider a weak semantics, in which bounded, rather than arbitrary, quantification is used. In
this case $5 knowledge is not expressible, but once we add it we obtain a natural and simple
complete axiomatization.
This work is motivated by a project we are involved in, concerning the development of a
framework for top-down design of distributed protocols. In this framework, we would like to
allow the designer to think in terms of knowledge, and to have flexibility in determining how
sophisticated she wishes the implementations of these tests for knowledge to be. This is closely
related to the notion of knowledge-based programs [FHMV95]. These are computer programs
with statements containing explicit tests for knowledge, such as
if K i p t h e n x := 0.
Knowledge-based programs have been used successfully for the design and analysis of optimal
protocols for a variety of problems [DM90, MT88, HMW90, NB92]. As we discuss in Section 4,
however, the semantics of such programs insists on using the most sophisticated tests for knowledge. This seems suitable mainly for the design of optimal protocols. The setup we develop in
this paper should, we hope, ultimately lead to a more broadly applicable notion of programs
with test for knowledge. The approach we are pursuing is consistent with that promoted by
Sanders, who suggested to model knowledge in terms of "sound local predicates" in a critique
of S5-based approaches to knowledge-based descriptions of protocols [San91].

30

This paper is organised as follows. In Section 2 we introduce and study the logic of local
propositions. Section 3 considers a variant of this logic with weak semantics using bounded
quantification over propositions. Section 4 provides an example illustrating a sense in which
the semantics of knowledge-based programs given in [FHMV95] are overly restrictive, and how
the logic of local propositions can help. Finally, Section 5 considers some connections to related
work and provides concluding remarks.

2

The Logic of Local Propositions

Let Prop be a set of propositional variables. An n-agent Kripke structure is a tuple M =
(W, R 1 , . . . ,Rn, lr) where W is a set of worlds, the Ri are equivalence relations on W, and
7r : Prop --~ 7:'(W) assigns a set of worlds to every propositional variable. If W is the set of
worlds of an n-agent Kripke structure, we call a subset U of W a proposition on M. If p is
a propositional variable, a structure M ~ is a p-variant of a structure M, denoted M ~ _~p M,
whenever it differs from M at most in the proposition assigned (by ~r~) to p. We say that a
proposition U on M = (W, R 1 , . . . ,Rn, lr) is i-local if for all u,v E W such that uRiv, we have
u E U iff v E U. Intuitively, a proposition is/-local if agent i is able to determine its t r u t h
value using only locally available information. P u t another way, a proposition U is/-local if it
is a union of equivalence classes from Ri (and since R/defines i's partition, U is a union of cells
of i's partition).
All the languages we deal with contain the propositional operators A, -~ and the monadic
modal operator D, which refers to t r u t h in all worlds (of W). In addition, we will consider
a number of different propositional quantifiers: V and, for each agent i, the operator Vi, such
that if p is a propositional variable and cp is a formula, then Vp(cp) and ~/ip(99) a r e formulae.
Generally, we shall write L(ol ..... ore) for the language generated from a set Prop of propositional
variables by A, -~, and operators oi. For instance, we write L(v,vl ..... Vn,D) for the language
generated from Prop by A, -~, D, V and the Vi. The interesting cases of the semantics of this
language are as follows: If M = (W, R 1 , . . . , Rn, ~) and w E W

• M, w ~ p if w E ~'(p), where p E Prop.
• M,w~D~oifM,

u~cpforalluEW.

• M, w ~ Vp(~p) if M', w ~ ~ for all structures M ' ~.p M.
• M, w ~ r i p ( g ) if M', w ~ ~p for all structures M ' ~_p M such that r'(p) is an i-local
proposition.
This definition provides a standard, sometimes called strong, semantics to the propositional
quantifiers, in that quantification is over the set of all propositions (all subsets of W). It is
possible to weaken this semantics, along the usual lines for weak second order logic [Hen50].
This is pursued in Section 3.
The language /:(v,D) has been studied in the past, under a variety of semantics, including
that just presented and the weak semantics we consider later [Kri59, Bu169, Kap70, Fin70]. The
novelty of our proposal is the consideration of the multi-agent context, and the introduction of
the local quantifiers Vi. Using local quantifiers, we can express a variety of epistemic notions.
First of all, we now show that the standard $5 notions of knowledge, distributed knowledge,
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and common knowledge can be expressed in L(v,v~ .....v,,o). Recall that (see, e.g. [FHMV95])
the semantics of the knowledge operators Ki, where i is an agent, the distributed knowledge
operators DG, and the common knowledge operators Ca, where G is a set of agents, are defined
by

• M, w ~ KiT if M, u ~ T for all u with wRiu,
• M, w ~ DGT if M, u ~ T for all u with wRaDu, where R ~ = N i e a R/, and

• M, w ~ CaT if M, u ~ T for all u with wRaGu, where R aG is the smallest equivalence
relation containing O i e a R/.
Each one of these three operators is expressible in £:(v,vl,...,v,~,o), as the following proposition
shows.
P r o p o s i t i o n 1 Let i < n and G = {1,... , m} where m < n and assume that q, q l , . . - , qm are
propositional variables not occurring in T. The following formulae are valid for n-agent Kripke
structures. 1
(1) KiT ~ 3iq(q A O[q ~ T]),
(2) DGT ~ 3q'(q A D[q ~ T] A ~1ql... 3mqmD[q ~ Al<j<mqj]), and
(3) CaT --: 3q(q A D[q ~ T] A Al_<j_<m3jqjD[q ~- qj]).
Proofi
For this abstract we show just point (1). Let M = (W, R1,... ,Rn,~) and assume
that M , w ~ KiT. We prove M , w ~ 3iq(qAD[q ~ T]). Define M ' by M ' _~q M and
~r'(q) = { u E W : wRiu }. Since w E ~r'(q) we have M', w ~ q. Using the fact that q does not
occur in T, a simple inductive argument shows that M', u ~ T iff M, u ~ T holds for all u E W.
Because M, w ~ KiT, it follows that M', u ~ T for all u E q, and thus M ~, w ~ [2[q ~ T]. This
shows that M, w ~ 3iq(q A [][q ~ T]), as desired.
Conversely, suppose M, w ~ 3iq(q A D[q --~ T]), and let M ' ~_q M such that M ' , w
qAO[q ~ T]- Let U = { u E W : wP~u } be the equivalence class of R / c o n t a i n i n g w. T h e n U
is the smallest/-local proposition satisfying w E U. Because M ~, w ~ q, and ~r'(q) is/-local, we
have U C ~r'(q). Thus, it follows from M', w ~ [][q --+ T] that M', u ~ T for all u E U. By the
same consideration as above, we obtain that M, u ~ T for all u E U, i.e. that M, w ~ KiT. •
It is interesting to observe that the expressions given above for the three operators have the
structure 3q(q A D[q ~ T] A ¢) for some ¢.
It is also possible to express in our language epistemic operators related to the notion of
only knowing [HM84, Lak93, Lev90]. Several semantics are considered in these works for a
modal operator Oi, such that the formula OiT is intended to capture the intuitive notion t h a t
agent i's knowledge is completely characterized by the formula T. The formula

2iq(q A D[q =-- T] A Vip(p -+ D[q -+ p]))
1The global quantifier Sq in (2) and (3) can be eliminated at the cost of a slightly more cumbersome or less
symmetric form, i.e., all three operators are already expressible in £:(vl.....v~,o).
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captures one sense of this intuition: it asserts that the equivalence class of agent i containing
the current world consists precisely of the worlds at which ~ is true. The notion expressed by
this formula is distinct from the other notions considered in the literature for several reasons.
For example, Levesque's definition of only knowing [Lev90] (which assumes a single agent) is
based on the logic K45 rather t h a n $5. Moreover, while we allow arbitrary Kripke structures,
work in this area typically assumes a particular structure, containing a representative for all
worlds that could occur in any Kripke structure. In a single agent setting this means that the
set of worlds amounts to the set of all possible assignments of t r u t h values to the propositions
of interest. One could express this constraint using the operator 'D' in the case of a single agent
and a finite number of propositions, but there are added complexities in the multi-agent case.
As these issues are rather subtle, we will not pursue them here.
It is interesting to note that we could use the notion of locality of propositions to provide
an alternate basis for the language £:(vl ..... v,~,[]). For each agent i = 1 , . . . ,n, introduce an
operator Li, such that Lip expresses that ~p is an /-local formula. The semantics of these
operators is defined by:
M, w ~ Licp if { u : M, u ~ cp } is an/-local proposition.
The operators Li are expressible in L(vl,... ,v~,D), since the following is valid:

Li(p) ~ SiqD[p ~ q]

LiD

Conversely, the operators Vi can be defined i n ~C¢,L 1.... ,Ln), using the validity of

rip(to) --=Vp(Li(p) ~ ~)

ViD

It is also worth noting that there are some interesting interactions between the knowledge
operators and the local quantifiers. Observe that the formula

Vq(Li(Kiq) A Li(-~Kiq))
is valid. In particular, this implies that all knowledge formulae express local propositions. Using
this fact, we may see that the formula

Viq(Kiq --- q)
which is also valid, is a generalization of the positive and negative introspection axioms of $5.
For our strong semantics, the logic of £:(v,D) is known to have a decidable satisfiability
problem. Moreover, the following axioms
all $5 axioms for D.

S5D

Vp(cp(p)) ~ ~ ( ¢ ) , where ¢ is a formula free for p in cp.

Vl

Vp(~p ---+¢) ~ (Vp(cp) ~ Vp(¢)).

VD

~p ~ Vp(~) , where p is not free in ~.

VN

3q(q A Vp(p ~ D[q ~ p])).

AT

3--

together with the rules of inference
If b ~ a n d

b~--+Cthen

MP

F¢.

If ~-~othen FDga.

DG

If b ~o t h e n b Vp(~o).

UG

provide a sound and complete axiomatization for £(v,m) [Bu169, Kap70, Fin70]. Most of these
axioms and rules are to be expected, being simply derived from axiomatizations of the logics for
the operators V and [] individually. T h e one interesting case is A T which expresses thai; there
exists a minimal proposition true at the current world. (For each w E W, the proposition q =
{w} satisfies A T at w, since {w} is the minimal proposition true at w.)
Is the logic of the richer language £(v,v~ .....v,,m) also axiomatizable and decidable? Using
the fact t h a t the Vi are restricted versions of V, as expressed by ViD, it is straightforward to
derive some valid formulae and rules for £(v,v~,...,vn,o):
(1) (Vip(~(p)) A 2iqD[¢ ~ q]) --4 cp(¢), where ¢ is a formula free for p in ~o.
(2) (rip(to) A Vip(~ --+ ¢))

"-'+ Vip(¢).

(3) ~ ~ Vip(~p), where p is not free in ~.
(4) 3iq(q A Vip(p ~ D[q ~ p])).
(5) If F 3iq([][p ~ q]) ~ ~ then F rip(g).
In particular, note t h a t (4) reflects the fact that every world is in a unique m i n i m a l / - l o c a l
proposition, namely the R / e q u i v a l e n c e class containing that world.
However, the language £(v,v~,...,v~,D) also has some valid formulae that do not correspond
directly to those listed above for L(v,o). For example, c o m m o n knowledge is known to satisfy
the following induction principle:

Using Proposition 1, this may be translated to a valid formula of £(v,vl .... ,vn,u), one t h a t does
not appear to follow from the abovementioned rules and axioms. T h e fact t h a t it is possible
to formulate such induction principles suggests that £(v,v~ .... ,v~,[]) may be a considerably more
expressive language t h a n L(v,D). Indeed, this proves to be the case, in a very strong sense.
T h e o r e m 2 There exists an interpretation off second order predicate logic in/:(Vl,...,V~,D), provided n _> 2. Consequently, /~(vl ..... v,~,o) is not recursively axiomatizable.
This result stands in marked contrast to the fact that £:(V,D) is decidable. 2 This indicates
that, in one sense, the strong semantics we have considered in this section is too strong. We
consider an alternative in the next section.
:We remark that if the logic of the modality [] is $4.2 or weaker, or is $4.3, then E(v,o) is again equivalent to
second order predicate logic in expressive power [KT96].
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3

A W e a k S e m a n t i c s for Local P r o p o s i t i o n s

It is possible to weaken the semantics of logics of local propositions given in the previous
section along the usual lines for weak second order logic [Hen50]. We could obtain this by
having the Kripke structure specify a set of propositions that the quantifiers range over. T h a t
is, a weak n-agent Kripke structure is a tuple of the form M = (W,P, R 1 , . . . ,Rn, zr), where W
is a set of worlds, P is a non-empty subset of P ( W ) , the Ri are equivalence relations on W
and ~r : Prop ~ P is now required to assign a proposition in P to each propositional variable.
The semantics is exactly as before, except that in the cases dealing with Vp(~o) and Vip(cp),
the structures M ~ .~_p M are required to be weak n-agent Kripke structures that differ from M
only on the value of 7r(p), and this value in M ~ is now required to be an element of the set of
propositions P. The quantifiers thus range over the propositions in P, rather than over T'(W)
as before.
A variety of constraints could be placed on the allowable sets of propositions P. Previous
work [Bu169, Kap70] has considered the case of the language/:(v,D) when P is either (1) closed
under Boolean operators or (2) closed under formulae, i.e., satisfies the constraint that the set
of worlds satisfying a formula of/:(v,D) is a proposition in P. These cases are known to be
axiomatizable. For (2), the axiomatization consists of axioms S5D, VD, VN, Vl and rules M P ,
DG, and U G . For (1), one replaces Vl by the variant in which ¢ is required to be a formula
of propositional logic, free for p in ~. Note that both of these axiomatizations exclude the
axiom AT: this principle is not valid under conditions (1) or (2).
Conditions (1) and (2), however, are just two cases from a much larger set of plausible
candidates for constraints on P. Another restriction of interest would be to require P to
be the set of propositions computable within some complexity bound (polynomial time, for
example), or the set of propositions computable by an agent able to perform a specified set of
operations. Assumptions such as these would be plausible candidates for applications of the
logic to specification of cryptographic protocols.
It is interesting in this context to examine the interpretation with respect to the weak
semantics of the formula we found in Proposition 1 to be equivalent to $5 knowledge. Denote
by K ~ the formula 3ip(p A Dip -4 ~p]) from Proposition 1(1). Interpreted with respect to the
weak semantics, K~cp is no longer equivalent to the information theoretic notion of knowledge
captured by the formula Ki~p, so Proposition 1 does not hold under this interpretation. Indeed,
it now appears that no formula of/:(v,vl ..... v~,o) is able to express knowledge. However, we
are still able to express interesting knowledge-like notions, and K ~ is one such notion. We
will take up this topic in the following section, and concentrate here on the question of some
of the properties of the weak semantics, including axiomatizability. For the purposes of this
abstract, we focus on the case where the only constraint on the set of propositions is that it be
non-empty.
Besides losing the ability to express knowledge, it also appears that the ability to express
locality is lost under the weak semantics: in particular, the formula LiD is no longer sound. As
a consequence, we are no longer able to relate local and global quantification through a version
of the formula r i D .
One expects that, in our context, the move from the strong to the weak semantics corresponds to the move from a non-axiomatizable logic to an axiomatizable one, just as it does
for second order predicate logic [Hen50]. We will show below that this is indeed the case.
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However, the loss of expressiveness just noted appears to create difficulties for axiomatization,
and it seems that a complicated set of axioms will be required to capture the weak logic of
,C(V,Vl..... vn,o). In the full version of the paper, we will expand upon the nature of the difficulties
and provide some examples of the complex axioms one encounters. Here, we focus on one way
of avoiding the complexities, which is to work with a richer language that recaptures some of
the lost expressive power.
In particular, it turns out to be sufficient to work with a language that includes the knowledge operators Ki. Let us begin by noting that these are sufficient to express locality, for
Liip --- I3(Kiip V Ki~ip)

LiKi

is valid (under both strong and weak semantics). Thus, using axiom ViD, which continues to
hold under the weak semantics, the languages L(V,Ki..... K~,[]) and £(v,v~ ..... V~,Ki.... ,K~,o) have
equivalent expressive power. We focus on providing an axiomatization based on the operators
in the former.
Observe t h a t Axiom V1 is unsound under the weak semantics because not every formula is
equivalent to some proposition in the range P of quantification. However, because the weak
semantics requires that every propositional constant refers to a proposition in P , a special case
is valid:
Vp(ip(p)) --~ ip(q) , where q E Prop is free for p in ip.

Vl'

Define the proof system W for weak E(V,K~..... Kn,O) to consist of all $5 axioms and rules for
each Ki, the axioms $ 5 0 , VI', VD, VN, the axiom
Dip ~ Ki[]ip ,

OKi

and the rules M P , OG, and U G .
T h e o r e m 3 System W is a sound and complete axiomatization of weak ~C(V,K1..... Kn,O)"
P r o o f : Soundness of W is straightforward. The completeness proof uses a variant of wellknown Henkin-style completeness techniques for modal predicate logic. See, e.g., [HC96]. •
From this result and the fact that weak L(v,v~ ..... v~,o) is expressible in w e a k ~(V,K1 ..... Kn,F2), it
follows that the former is recursively enumerable. (As we have remarked above, finding an
axiomatization based on these operators alone may be complex, however.)
T h e o r e m 4 For n _> 2,

weak

~(Vl..... Vn,D)

and weak L(v,K1 ..... Kn,O) are not decidable.

The proof of T h e o r e m 4 amounts to noting that the proof of Theorem 2 also provides an
interpretation of weak second order predicate logic in weak L(vl ..... vn,o) for n _> 2.

4

Knowledge-based programs: An application

We mentioned in the introduction that this work has been motivated by a project whose goal is
to facilitate the development of computer programs. Specifically, we are interested in providing
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adequate tools for the use of epistemic notions in such development. In this section we wish
to describe some of the problematic aspects of the current approach to using knowledge in
programming, and illustrate how logics of local propositions can help. A similar issue is treated
in [HM98], where a modification of knowledge-based programs based on counterfactuals is
suggested.
A knowledge-based program is best viewed as a specification. Intuitively, in the definitions
of [FHMV95], a standard program is said to implement (or represent) a knowledge-based program if its actions are always consistent with those dictated by the knowledge-based program. 3
The tests for knowledge are evaluated in terms of the information-based $5 notion discussed
in the introduction. Moreover, in the Kripke structure used to evaluate these tests, b o t h the
context and the (behavior of the) standard program are common knowledge.
Let us consider an example in which this semantics leads to an undesirable outcome. Imagine
a very simple context, in which there is a single agent a. There is one variable, x, and the world
can be in two possible states called so and Sl, in which x = 0 and x = 1, respectively. Any
program we design is guaranteed to start executing in the state so. The agent can perform
one of two actions: x := 1, which has the effect of assigning the value 1 to the variable x, and
skip, which leaves x with its current value. Finally, let " n e x t x = 1" be a formula that holds if
x = 1 is true at the next state of the computation. Imagine a situation in which there is a cost
associated with performing the assignment x := 1. Let Pg be the program
if

Ka(nextx

= 1) t h e n skip else x := 1.

This program has a very natural interpretation. Intuitively, it can be viewed as specifying
the desirable behavior of an agent whose goal is to ensure that x = 1 ultimately holds. W h e n
the agent is assured that n e x t x = 1, it is not required to act. If, however, the agent is not
sure that the goal will be satisfied, it should take an action (x := 1) that will guarantee that
the goal is attained. While these intuitions seem natural enough, there is a problem.
Proposition

5 The knowledge-based program Pg is unimplementable in the context described.

S k e t c h o f p r o o f : A careful analysis shows that there are only two candidate programs to
check, one consisting of the single action skip, and the other consisting of the action x := 1. In
the [FHMV95] definition, the agent's knowledge is based b o t h on the fact that the initial state
can only be so and on the program being followed. Hence, when following the program skip
the agent knows that -~next x = 1, for which Pg specifies the agent perform x := 1. Similarly,
when following the program x :-- 1, the agent knows that n e x t x = 1, for which Pg specifies the
action skip. As a result, each of the candidate programs fails to implement Pg. •
It is worth noting that there is nothing inherently "wrong" or inconsistent with the program
Pg. In a slightly modified context in which b o t h so and sl are possible initial states (and the
agent's local state cannot distinguish the two), Pg is implementable. Indeed, the program consisting of the action x :-- 1 implements Pg in that setting. This example showed that the current
definition of implementation is very restrictive: the only tests for knowledge allowed are ones
that make full use of all information a b o u t the implementation and the context. This focuses
~For a short summary of the [FHMV95] definitions underlying knowledge-based programs, which is beyond
the scope of this paper, the reader is refered to [HM98] in these proceedings.
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attention on "optimal" solutions. While in some cases, this is exactly what is desired [I)M90],
in other cases, such as in the case of Pg, this results in a sensible looking program being unimplementable. Our point of view is that sub-optimal tests should be considered acceptable, as
long as they are sound: a positive answer for a test for Ki~p should imply that ~ holds, but a
negative answer may be acceptable even if the agent's information determines that cp holds.
We can capture this idea in L(v,vl ..... Vn,D)" Consider the formula 3ip(D[p ~ q]) A D[q ~ ~],
which for brevity we denote Si(q, ~p). Roughly speaking, Si(q, ~p) says that q is a sound local
witness for ~.4 It is easy to verify that (q A Si(q, ~p)) ~ Kicp is valid. Hence, we can also
interpret Si(q, ~p) as saying that q is a sound witness for Ki~p. This is of interest, for example, if
we want to apply logics of local propositions as a tool for relaxing the semantics of knowledge
based programs. (Very) roughly speaking, we can now accept as an implementation of a test
for Kilo in a knowledge-based program any local condition q satisfying Si(q, qo). In the specific
case of our program Pg, let us consider two such conditions. The first is q = false: It trivially
satisfies Sa(q, qo) for every ~p. The standard program Pg0 resulting from substituting false for
the test for knowledge in Pg is equivalent to the desirable program x := 1, which is a good
solution that obtains the goal. A second condition qr satisfying Sa(q ~, ~) is x = 1. Notice that
when the only actions possible are skip and x := 1, then x = 1 ~ n e x t x = 1 is valid. If we
assume that the value of x is testable by the agent, the test is sound. Indeed, in our context,
where x = 0 is guaranteed to hold initially, the two programs Pg0 and Pgl generate the same
behaviors. It is interesting to note that both programs are correct even if we are not guaranteed
that x = 0 holds initially. In such a case (say x may initially have either value 0 or value 1),
however, the program Pgl will perform the assignment x := 1 (and incur the associated costs)
only when this is necessary, while Pg0 will always do so. We thus view both programs as being
correct, while Pgl is in some cases more sophisticated than Pg0 is.
We r e m a r k that there are other reasons that make desirable a change in the definition
of implementation for knowledge-based programs along the lines proposed here. Intuitively,
the original definition of implementation of knowledge-based programs assumes that the final
standard program is common knowledge, and knowledge is evaluated with respect to this information. As a result, it is difficult to implement a knowledge-based program in a modular
way, by implementing pieces of the program and combining the implementations. By going to
sound tests, such an approach is facilitated. This is related to a proposal by Sanders [San91]
to use sound predicates for knowledge for implementing tests in knowledge-based programs.
In summary, the original definition of implementation for knowledge based programs requires
tests for knowledge to be replaced by tests that are both sound and complete. Our analysis
here illustrates that it is possible to relax the requirement by allowing tests to be sound but
not necessarily complete. The example shows that this is sometimes necessary: The original
definition introduces a circularity that in some cases makes a reasonable program such as Pg
unimplementable.
We r e m a r k that [HM98] addresses very similar issues of unimplementability of knowledgebased programs. T h e y use a somewhat different approach based on counterfactuals. T h e y
argue that in our program Pg we should replace the test for knowledge of n e x t x = 1. Roughly
speaking, they suggest we replace it by a test for knowledge of the counterfactual statement: if
4Similar issues arise in the definition of algorithmic knowledge [FHMV95], where there are algorithms that
serve to test the local state of the agent for KiT, and they are often required only to be sound, in the sense that
a YES answer implies that KiT holds, but a "?" answer is allowed even if Kilo holds.
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the agent were to perform skip then n e x t x = 1.

5

Conclusion

We have introduced two logics of local propositions, one with a standard (strong) notion of
quantification, and the other with a weak one. What have we gained? The resulting logics provide us with a framework in which a wide range of epistemic notions can be defined.
In all cases, these definitions axe made on top of the natural informational structure, which
itself induces equivalence relations (partitions) on the possible worlds. First of all, we have
obtained considerable expressive power. In particular, we can conclude from Proposition 1 that
the standard information-based $5 logic of knowledge and common knowledge can be translated directly into (strong) logics of local propositions. Unfortunately, strong logics of local
propositions are so expressive, that they axe also intractable. They are not even recursively
axiomatizable. Weak logics of local propositions are somewhat more tractable. While standard
$5 knowledge is not definable in this framework, a related notion K~p can be defined by the
same formula SiP(P A O[p ~ cp]), characterizing knowledge under the strong semantics, but
this time interpreted under the weak semantics. The meaning of K~qo in this case depends
crucially on the structure of P. In general, K~ is not closed under deduction in this case: the
Distribution axiom fails in general. A slightly weaker form of logical omniscience does hold,
however. It is a notion called closure under logical implication in [FHMV95]: If both K~cp and
D[(p ~ ¢] hold, then K~¢ holds. In weak n-agent Kripke structures M = (W, P, R1,... , Rn, r),
we can view the set P as inducing a notion of awareness [FH88]. The formula K~cp will hold
only if some i-local q E P exists with the desirable properties. Thus, i is "aware" only of what
follows from the/-local propositions in P. An interesting example is when P corresponds to a
complexity class. E.g., roughly speaking, consider P to be the set of all PTIME (polynomialtime) computable properties. Then K ~ holds if agent i can detect the truth of ~p via some
PTIME computable property. (This does not imply, by the way, that i can efficiently determine
which PTIME property to use in a given world.) The resulting notion K~cp obtained this way is
essentially the notion of resource-bounded knowledge from [Mos88]. We elaborate on this and
other connections in the full paper.
The crucial point, of course, is that strong and weak logics of local propositions allow
us to express much more than just K~cp. Many of these more general statements are clearly
beyond the scope of other systems that have been proposed to overcome the logical omniscience
problem, such as Montague-Scott [Mon68, Sco70] or awareness logics. Nevertheless, they can
involve local and epistemic aspects. For example, the formula Si(q, (p) discussed in Section 4
has a distinct epistemic flavor. Moreover, as we have seen, it can serve the basis of a modified
definition of implementation for knowledge-based programs. With such a modification, the
anomalies discussed in Section 4 can be overcome.
We believe that the logic of local propositions can play a useful role in the development of
computer programs in a more general setting. Indeed, in developing a framework for knowledgebased development of distributed protocols, we are finding the greater flexibility in defining
implementations using this approach to be a useful and promising tool. Details of that will be
the subject of future papers.
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